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Q = b + s1B1 + s2B2,

Q ø P ¥� �¤Á ð Í ¡ ö� � .t1, t2, s1, s2 ∈ R ö� ¤¢ � î,(P − Q).A1 = 0 Å � ,F Â � Ý û ø ´ ¨� ¢� Þ ä E Â � Ý û.(P − Q).B2 = 0 ø (P − Q).B1 = 0 ,(P − Q).A2 = 0ö��
P − Q = (1+ t1 − s1 − s2,−3+ t2 + s1 + s2,1− s1,1− s2,−2− s1 + s2,−2+ s1 − s2),:À÷�ªüõ Â¹�õ Âþ¥ ��¢�ãõ ù�Úµ¨¢ �� ��� ý�ûýø�Æ�











1+ t1 − s1 − s2 = 0
−3+ t2 + s1 + s2 = 05+ t1 − t2 − 5s1 = 05+ t1 − t2 − 5s2 = 0

t1 = t2 = s1 = s2 = 1 ¢Âê��ÂÊ½�õ ���� ý�¤�¢ ù�Úµ¨¢ ßþ�:Ýþ¤ø�üõ ´¨¢ �� �Áó ø ´¨�
P = (3,2,3,−1,3,1), Q = (3,2,3,−1,5,3). �üÎ¡ ÛÖµÆõ {A1, . . . , Ak} �b ä�Þ¹õ Ý�û¢üõ ö�È÷ :4 ñ��b¨À��î ­Âê .´¨�

t1A1 + · · · + tkAk = o¤¢) �¤ ü Ô � õ ° þ�Â ® � � �� Þ � .t1, . . . , tk ∈ R ö� ¤¢ � îÂð� .Ý�û¢üõ ñ�Öµ÷� ��� ýø�Æ� ¤¢ ´¨�¤ éÂÏ �� (¢��ø �¤�¬ý�ûÅþÀ÷� �b ä�Þ¹õ �¤ J ø ²� éÂÏ ý�ûÅþÀ÷� �b ä�Þ¹õ �¤ IÝ�Æþ��� Ý�÷���üõ ,Ý��î ­Âê ´¨�¤ éÂÏ
∑

i∈I

tiAi =
∑

j∈J

sjAj := B,� ¹ � þ� ¤¢ .ti, sj ≥ 0 ,j ∈ J Â û ø i ∈ I Â û ý�Â � ö� ¤¢ � îø À�µÆû ��¹õ ßØ�ó ,À�ª�� üú� À�÷���üõ J ø I ý�û�ä�Þ¹õÂû ø i ∈ I Âû ý�Â� �Ø�þ� �� ���� �� ö��î� .I ∪ J = {1, . . . , k}Ýþ¤�¢ ,Ai.Aj < 0 ,j ∈ J

B.B =

(

∑

i∈I

tiAi

)

.

(

∑

j∈J

sjAj

)

=
∑

i∈I

∑

j∈J

tisj(Ai.Aj)

≤ 0,:Ý�Æþ��� Ý�÷���üõ Å� .B = o À�îüõ ��¹þ� ��÷ ßþ� �î0 = B.Ak+1
=

(

∑

i∈I

tiAi

)

.Ak+1
=

∑

i∈I

ti(Ai.Ak+1).

2 üõ�Þä ü®�þ¤ ñøa� �Â�ö��õ ö�½µõ� Û��Æõ Û�92/12/15�b µ Æ ��ø ý�� ä� Þ¹ õ {A1 + B, A2, . . . , Ak} ö�� :1 ñ��b¨Ûì�� �î À÷¤�¢ ¢��ø tk,. . .,t2,t1 üÖ�Ö� ¢�Àä� Å� ,´¨� üÎ¡ø ´¨� ÂÔ¬�÷ �ú÷� ¥� üØþ
t1(A1 + B) + t2A2 + · · · + tkAk = o.�b ä�Þ¹õ üÎ¡ ñ�Öµ¨� ù�Ú ÷� ,t1 = 0 Âð� �î Ý� � îüõ ��� ��î À�îüõ ��¹þ� {A1, A2, . . . , Ak}

t2 = · · · = tk = 0�Áó ø t1 6= 0 �¹�µ÷ ¤¢ .´¨� Ëì��� �î
A1 + B = (−t2/t1)A2 + · · · + (−tk/t1)Ak­Âê Âð� ö��î� .A1 + B ∈ 〈A2, . . . , Ak〉 À�îüõ ��¹þ� �î,´¨� üÎ¡ �b µÆ��ø ý��ä�Þ¹õ {A1 − B, A2, . . . , Ak} Ý��î.A1−B ∈ 〈A2, . . . , Ak〉 �î ÝþÂ�ðüõ �¹�µ÷ ,��� ñ�Àµ¨� À�÷�õ�Áó
A1 = (A1 + B + A1 − B)/2 ∈ 〈A2, . . . , Ak〉.¢¤�¢ {A1, A2, . . . , Ak} �b ä�Þ¹õ üÎ¡ ñ�Öµ¨� �� Ëì��� �îüÎ¡ �b µÆ��ø ý��ä�Þ¹õ À÷���üÞ÷ {A1 − B, A2, . . . , Ak} Å�

� .´¨� üÎ¡ ÛÖµÆõ �Áó ø Àª��.E = 〈A1, A2〉 Ý þ¤�¢ Å� ,A3 = A1 + A2 ö�� :2 ñ��b¨
dim(E) = 2 �Áó ,´¨� üÎ¡ ÛÖµÆõ ý��ä�Þ¹õ {A1, A2} �õa��b ä� Þ ¹ õ Â ð� Å � .dim(E⊥) = 4 − 2 = 2 � ¹ � µ ÷ ¤¢ ø� � ÷ ø À ª� � üÎ¡ Û Ö µ Æ õ � î Ý � � î �À � � ý¤� Ï �¤ {B1, B2}ù�Ú÷� ,B2.A2 = 0 ø B2.A1 = 0 ,B1.A2 = 0 ,B1.A1 = 0Ý � ÷�� �ü õ �f · õ .¢� � À û��¡ E⊥ ý�Â � ý�� þ� � ¤� îÁ õ �b ä� Þ¹õ�bä�Þ¹õ

{

B1 = (0,−1,0,1), B2 = (−3,2,1,0)
}Ý�û¢ ¤�Âì Âð� ö��î� .ÝþÂ�Ú� ÂÑ÷ ¤¢ E⊥ ý�Â� ý��þ�� ö���ä�� �¤

C1 = B1 = (0,−1,0,1),

C2 = B2 − B2.B1
|B1|2 B1 = (−3,1,1,1),Àõ�ãµõ �Øþ �b þ�� ù�Ú÷�

{ 1√2 (0,−1,0,1),
12√3 (−3,1,1,1)

}

� .Ýþ¤ø�üõ ´¨¢�� E⊥ ý�Â� �¤Ý��îüõ ­Âê :3 ñ��b¨
P = a + t1A1 + t2A2,



¤¢ {Aj | j ∈ J} �¤ �ø¢ �µ¨¢ ø {Ai | i ∈ I} �¤ ñøa� �µ¨¢ ñ��:Ýþ¤�¢ ø À�µÆû ��¹õ ø üú��÷ �µ¨¢ ø¢ ßþ� .ÝþÂ�ðüõ ÂÑ÷
∑

i∈I

ti

λ
Ai =

∑

j∈J

sj

λ
Aj := A.×þ �� Â��Â� ýø�Æ� éÂÏ ø¢ Âû ¤¢ °þ�Â® á�Þ¹õ ��� ýø�Æ� ¤¢ßþÂµØ��î ¤¢ ´¨� ý��ÎÖ÷ Ýû A ,(Óó�) 5 ñ��b¨ Â���� �Áó ø ´¨�ý��ÎÖ÷ Ýûø ´¨� ñøa� �b µ¨¢ ¯�Ö ÷ Ûõ�ª �î ý�µÆõ ý�ÌêÂþ¥�ø¢ �b µ¨¢ ¯�Ö÷ Ûõ�ª �î ý�µÆõ ý�ÌêÂþ¥ ßþÂµØ��î ¤¢ ´¨�

� .À��îüõ âÎì �¤ ÂÚþÀÞû �Ìê ø¢ ßþ� �¹�µ÷ ¤¢ ø ´¨�
�Á ó ,Ai.Ak+1 < 0 ,i ∈ I Â û ý�Â � Å � ,k + 1 /∈ I ö� �ß�Þû �� .ti = 0 ,i ∈ I Âû ý�Â� �î À�îüõ ��¹þ� ��� ýø�Æ�
{A1, . . . , Ak} �b ä�Þ¹õ Å� .sj = 0 ,j ∈ J Âû ý�Â� �¤�¬

� .dim(E) = k �Áó ø ´¨� üÎ¡ ÛÖµÆõ�î Àþ¢ ö���üõ üµ��¤ �� (Óó� :5 ñ��b¨
E = Ak + 〈A1 − Ak, . . . , Ak−1 − Ak〉.:Ýþ¤�¢ �¹�µ÷ ¤¢

E =

{

Ak +

k−1
∑

i=1 ti(Ai − Ak) | t1, . . . , tk−1 ∈ R

}

=

{ k−1
∑

i=1 tiAi +

(1−
k−1
∑

i=1 ti

)

Ak | t1, . . . , tk−1 ∈ R

}

=

{ k
∑

i=1 tiAi | t1, . . . , tk ∈ R,

k
∑

i=1 ti = 1}. ��bä�Þ¹õ �Áó ø k − 1 ≥ n + 1 > n Å� ,k ≥ n + 2 ö�� (�
{A1 − Ak, . . . , Ak−1 − Ak}À÷¤�¢ ¢��ø tk−1,. . .,t1 üÖ�Ö� ¢�Àä� Å� .´¨� üÎ¡ �b µÆ��øø ´¨� ÂÔ¬�÷ �ú÷� ¥� üØþ Ûì�� �î

t1(A1 − Ak) + · · · + tk−1(Ak−1 − Ak) = o,�f ¢�ãõ �þ
t1A1 + · · · + tk−1Ak−1 + (−t1 − · · · − tk−1)Ak = o.ÝþÂ�ðüõ �¹�µ÷ ,−t1 − · · · − tk−1 := tk Ý��î ­Âê Âð� ö��î�

� .t1A1 + · · · + tkAk = o ��÷ ø t1 + · · · + tk = 0 �î¯�Ö ÷ ,ñ��b ¨ ¤¢ ùÀª �ÂÎõ �b ÎÖ ÷ n + 2 À� � î ­Âê :6 ñ��b¨üÖ�Ö� ¢�Àä� ,(�) 5 ñ��b ¨ Â��� � .À�ª�� Rn ¥� An+2,. . .,A1,´¨� ÂÔ¬�÷ �ú÷� ¥� üØþ Ûì�� �î À÷¤�¢ ¢��ø tn+2,. . .,t1
t1 + · · · + tn+2 = 0, ��÷ ø

t1A1 + · · · + tn+2An+2 = o.Å� ,ÂÔ¬ �ú÷� á�Þ¹õ ø ´¨� ÂÔ¬�÷ �û ti ¥� üØþ Ûì�� ö��°þ�Â® �� ��Þ� .üÔ�õ ��÷ üØþ ø ´¨� ´±·õ �ú÷� ¥� üØþ Ûì���¤ I Âð� .Ý�û¢üõ ñ�Öµ÷� ��� ýø�Æ� ¤¢ ´¨�¤ éÂÏ �� �¤ üÔ�õéÂÏ ý�ûÅþÀ÷� �b ä�Þ¹õ �¤ J ø ²� éÂÏ ý�ûÅþÀ÷� �b ä�Þ¹õÝ�Æþ��� Ý�÷���üõ ,Ý��î ­Âê ´¨�¤
∑

i∈I

tiAi =
∑

j∈J

sjAj ,¥� üØþ Ûì�� ø ti, sj ≥ 0 ,j ∈ J Âû ø i ∈ I Âû ý�Â� ö� ¤¢ �î
I ý�û�ä�Þ¹õ �¹�þ� ¤¢ .À÷�´±·õ �û sj ¥� üØþ Ûì�� ��÷ ø �û ti.I ∪ J = {1, . . . , n + 2} ø À�µÆû ��¹õ J ø I ,À÷�üú��÷ J ø,ß���Ýû

∑

i∈I

ti =
∑

j∈J

sj := λ > 0,À�îüõ ��¹þ� �î
∑

i∈I

ti

λ
=

∑

j∈J

sj

λ
= 1.


