
�À¡ ��÷��
aü®�þ¤ ��Üä ùbÀØÈ÷�¢Ý�û¢ ¤�Âì Âð� :3 ñ��b¨

D =

{

(x, y, z) ∈ R3 | x2
a2 +

y2
b2 +

z2
c2 ≤ 1},�� ´¨� Â��Â� ��ÜÎõ Ý¹� ù�Ú÷�

vol(D) =

∫∫∫

D

1 dxdydz.ø v =
y

b
,u =

x

a
ý�ûÂ �ç µ õ Â � � ç � �î À þ¢ ö�� �üõ üµ��¤ � ��b ���÷ �� �ª�� ø ×þ��×þ �¤�¬ �� �¤ D �b ���÷ w =

z

c

D′ =

{

(u, v, w) ∈ R3 | u2 + v2 + w2 ≤ 1}Â�çµõ Â��ç� �b �Ìì Â���� ,∣∣ ∂(x,y,z)
∂(u,v,w)

∣

∣ = abc ö�� .À�îüõ Âþ�Ê�Ý�Æþ��� Ý�÷���üõ
vol(D) =

∫∫∫

D

1 dxdydz

=

∫∫∫

D′

1 (abc) dudvdw

= abc ×
∫∫∫

D′

1 dudvdw

= abc × vol(D′) =
43πabc. �Ý�û¢üõ ¤�Âì :4 ñ��b¨

I =

∫

C

F dr.�bÀ ± õ � î À ª� � R2 ¤¢ ù¢� ¨ À � ± Þ û �b � �� ÷ × þ D À � � î ­Â ê
C′ ùbÂþ�¢Ý�÷ ��÷ ø C ùbÀª ù¢�¢ Ý
 ¡ Ûõ�ª ø ¢¤�À÷ Â� ¤¢ �¤ ��Êµ¿õ
(1,0) �b ÎÖ÷ �� ü��þ�� �b ½Ô¬ Ý�÷ ¤¢ �¤ (−1,0) �b ÎÖ÷ �î ´¨�Âð� .À�îüõ Û¬ø

P (x, y) =
x − y

x2 + y2 , Q(x, y) =
x + y

x2 + y2 ,

D ýø¤ �î Àû¢ üõ ö�È÷ ù¢�¨ ý��±¨�½õ ø F = (P, Q) ù�Ú÷�Ýþ¤�¢
∂Q

∂x
=

∂P

∂y
.�b µÆ� Ý
 ¡ Âû ýø¤ F ñ�ÂÚµ÷� �î Àû¢üõ �¹�µ÷ ßþÂð �b �Ìì Å�¤�µÆþ�� D ýø¤ F �Áó ø ´¨� ÂÔ¬ �� Â��Â� D ¤¢ ¤��Þû �ãÎì���ãÎì�¹�µ÷ ¤¢ .´¨�

I =

∫

C′

F dr.

2 üõ�Þä ü®�þ¤ �Â�ö�þ�� ö�½µõ� Û��Æõ Û�93/3/22­Âê ø I =

∫ 10 (
∫ 1
√

y

cos x3dx

)

dy À �û¢ ¤�Â ì :1 ñ��b¨À��î
D =

{

(x, y) ∈ R2 | 0 ≤ y ≤ 1,
√

y ≤ x ≤ 1}.Ý�÷���üõ �õa� .I =

∫∫

D

cos x3dA ,ü����ê �b �Ìì Â���� ,�¹�µ÷ ¤¢Ý�Æþ���
D =

{

(x, y) ∈ R2 | 0 ≤ x ≤ 1, 0 ≤ y ≤ x2},,ü����ê �b �Ìì Â���� �f¢À¹õ �Áó ø
I =

∫∫

D

cos x3dA =

∫ 10 (
∫ x20 cos x3dy

)

dx

=

∫ 10 x2 cos x3dx =
13 sin x3]10 =

13 sin1. �üµ��¤ �� .I =

∫∫

D

cos

(

y − x

y + x

)

dxdy À�û¢ ¤�Âì :2 ñ��b¨
D �b ���÷ v = y + x ø u = y − x ý�ûÂ�çµõ Â��ç� �î Àþ¢ ö���üõÂþ�Ê� D′ ÛØª ý��Ö÷¥ø£ �b ���÷ �� �ª�� ø ×þ��×þ �¤�¬ �� �¤
(2,2) ø (−2,2) ,(−1,1) ,(1,1) ¯�Ö÷ ö� §øøb¤ �î À�îüõ��÷ ø ∣

∣

∂(x,y)
∂(u,v)

∣

∣ = 12 �Ø�þ� �� ���� �� .À�µÆû
D′ =

{

(u, v) ∈ R2 | 1 ≤ v ≤ 2, −v ≤ u ≤ v

}

,Ý�Æþ��� Ý�÷���üõ ü����ê ø Â�çµõ Â��ç� ý�û��Ìì Â���� �Áó
I =

∫∫

D′

cos
(u

v

)

(12)

dudv

=
12 ∫ 21 (

∫ v

−v

cos
(u

v

)

du

)

dv

=

∫ 21 (
∫ v0 cos

(u

v

)

du

)

dv

=

∫ 21 (

v sin
(u

v

)]v0) dv

=

∫ 21 (v sin1)dv =
32 sin1. �



�¹�µ÷ ¤¢
I = −16 ∫∫

S′

F .n dS.´¨� ùÂî �îÂõ éÂÏ � � ö� ´ú� �î S′ ùbÂ î �î Ý� � îüõ ��� �,r : [0, π] × [0,2π] −→ R3 �¤�¬ �� üÈþ�õÂ�
r(u, v) = (R sin u sin v, R sinu cos v, R cos u),ß���Ýû .¢¤�¢

ru×rv = (−R sin u)(R sinu sin v, R sinu cos v, R cos u).Ý�Æþ��� Ý�÷���üõ Å�
I = −16 ∫∫

[0,π]×[0,2π]

F(r(u, v)).(ru × rv) dudv

= −16 ∫∫

[0,π]×[0,2π]

sinu dudv

= −16 ∫ 2π0 (
∫ π0 sinu du

)

dv

= −16 ∫ 2π0 (

− cos u
]π0)dv

= −16 ∫ 2π0 2 dv = −16 (4π) =
−2π3 . ��� ´¨� Â��Â� ùÀª ù¢�¢ S �b þø ¤ ¥Âõ :6 ñ��b¨

∂(S) =

{

(x, y, z) ∈ R3 | x2 + y2 = 1, z = 1}.¢¤�¢ ¤�Âì z = 1 �b½Ô¬ ¤¢ �î ´¨� R3 ¤¢ ý�ùÂþ�¢ ∂(S) âì�ø ¤¢ø ��Êµ¿õ �bÀ±õ �îÂõ �� ´¨� ý�ùÂþ�¢ ,xy �b½Ô¬ ¤¢ ö� Âþ�Ê� ø¤¢ ý¤�Ï �¤ ∂(S) ´ú� ,Åî�µ¨� �b �Ìì ¥� ù¢�Ôµ¨� ý�Â� .1 á�ãª´ú� é�¡ üµú� ,xy �b ½Ô¬ ¤¢ ö� Âþ�Ê� �î ÝþÂ�ðüõ ÂÑ÷�¤�¬ �� üÈþ�õÂ� ∂(S) ,�¤�¬ ßþ� ¤¢ .¢Â�Ú� ¢�¡ �� �¤ ü��·Ü·õ,γ : [0,2π] −→ R3
γ(t) = (cos t,− sin t,1)Ý�Æþ��� Ý�÷���üõ Åî�µ¨� �b �Ìì Â���� Å� .¢¤�¢

∫∫

S

curl F .n dS =

∫

∂(S)

F dr =

∫ 2π0 F(γ(t)).γ′(t)dt

=

∫ 2π0 (

(e sin t , e cos t , −e− sin t sin t cos t).

(− sin t , − cos t , 0)
)

dt

=

∫ 2π0 −e dt = −2πe. �

,γ : [π,2π] −→ R2 �¤�¬ �� üÈþ�õÂ� C′ ùbÂþ�¢Ý�÷ �õa�
γ(t) = (cos t, sin t)Ý�Æþ��� Ý�÷���üõ Å� .¢¤�¢

I =

∫

C′

F dr =

∫ 2π

π

F(γ(t)).γ′(t)dt

=

∫ 2π

π

(cos t − sin t, cos t + sin t).(− sin t, cos t)dt

=

∫ 2π

π

dt = π. ��î ,F = (F1, F2, F3) Àû¢üõ ö�È÷ ù¢�¨ ý��±¨�½õ :5 ñ��b¨ö� ¤¢
F1(x, y, z) =

−x

(x2 + y2 + z2) 32 ,

F2(x, y, z) =
−y

(x2 + y2 + z2) 32 ,

F3(x, y, z) =
−z

(x2 + y2 + z2) 32 .� � üÈ þ� õÂ � S �b þø ¤ ö�� .I =

∫∫

S

F .n dS Ý � û¢üõ ¤�Â ì
r(u, v) = (u, v,1) ,r : [−1,1] × [−1,1] −→ R3 �¤�¬Ý�÷���üõ Å� ,(ru × rv = i × j = k �î Ý��îüõ ����) ¢¤�¢Ý�Æþ���

I =

∫∫

[−1,1]×[−1,1]F(r(u, v)).(ru × rv) dudv

=

∫∫

[−1,1]×[−1,1] F(u, v,1).k dudv

=

∫∫

[−1,1]×[−1,1] F3(u, v,1) dudv

=

∫∫

[−1,1]×[−1,1] −1
(u2 + v2 + 1)

32 dudv.Àª�� â�Âõ °ãØõ ÛØª �� R3 ¤¢ ý�����÷ D À��î ­Âê ö��î�ßþ� ¥� ÂÚþ¢ ��ø ¸�� �� ù�ÂÞû S ��ø .´¨� S ö� üþ��� ��ø �î�¤ D ¥Âõ ´ú� Âð� .À �û¢üõ Û�ØÈ� �¤ D ¥Âõ ,â �Âõ °ãØõÂû ýø¤ F ñ�ÂÚµ÷� �î Àþ¢ ö���üõ üµ��¤ �� ,Ý��î ­Âê �ÂðöøÂ��¹�µ÷ ¤¢ .´¨� I �� Â��Â� ù��ø ¥� ��Àî
I =

16 ∫∫

∂D

F .n dS.ÂÑ÷ ¤¢ ý¤�Ï �¤ R á�ãª ø ��Êµ¿õ �bÀ±õ �îÂõ �� S′ ùbÂî ñ��éÂÏ � � � � ÷ �¤ S′ ´ú� .¢Â �Ú � ¤�Â ì D öø¤¢ S′ �î Ý þÂ � ðüõ
D′ �¤ S′ ùbÂî ø D °ãØõ ß�� ����÷ .ÝþÂ�ðüõ ÂÑ÷ ¤¢ ùÂî �îÂõø ´¨� ¤�ÂìÂ� Å÷�� ¤�þ¢ �b �Ìì Íþ�Âª D′ �b ���÷ ¤¢ ö�� .Ý�õ�÷üõ�Áó ,divF = 0 ��÷

∫∫

∂D

F .n dS +

∫∫

S′

F .n dS

=

∫∫

∂D′

F .n dS =

∫∫∫

D′

divF dV = 0.


