
üó�ã� �ÞÆ�

(Hard) Ý¹�� ýÂ¨

ýù¢øÀ½õ ¥� �¤�¡ Ã�÷ ø Àª��üõ ý¤�Øµ�� Û��Æõ Û� �� À�õ�ì�ä ö�þ�¹È÷�¢ �� ¯��Âõ Û��Æõ ¥� �µ¨¢ ßþ�

Û� ý�û§�î ¤¢ üÜ��Æõ ß��� �Áó ,Àª��üÞ÷ üõ�Ãó� ô�Þä ý�Â� �ú÷� Û� ø ´¨� üõ�Þä ü®�þ¤ §¤¢

.¢�ªüÞ÷ Û� ßþÂÞ�

ÕµÈõ ¢Â�¤�î ø ÕµÈõ

I üõ�Þä ü®�þ¤ Û��Æõ

�¤�¬�� ,T ,�õ¢ âþ¥�� xy �½Ô¬ ¥� ý�����÷ ¤¢ -1

T (x, y) = 100
x2 + y2

x2 + y2 + 1

À��ø 50´��� ´äÂ¨ �� y = 1´¨�¤ Í¡ ýø¤ üîÂ½µõ .´¨� ùÀª ù¢�¢ ¢�Âðüµ÷�¨ ��¤¢ °Æ�Â�

Í�½õ �î ´¨� ý¤øÀõ ¸�¨�õ¢ �� Ãú¹õ íÂ½µõ ßþ� .À�îüõ ´îÂ� ´¨�¤ �� ²� ¥� ��÷� � ¤¢

ý�ÎÖ÷ �¤�Â� �Ñ½ó Âû ¤¢ ¸�¨�õ¢ ý��ÂÖä ø ´¨� ùÀª �¤Àõ 100 �� 0 ¥� ´¡���Øþ ¤�Ï�� ö�

ý��þø�¥ ©¢Âð ´äÂ¨ ,¢¤Áðüõ (4,1) �ÎÖ÷ ¥� íÂ½µõ �îü÷�õ¥ ¤¢ .Àû¢üõ ö�È÷ �¤ íÂ½µõ ¤�±ä

?´Æ�� ¸�¨�õ¢ ý��ÂÖä

ø lim
x→0+

f ′(x) = −∞ Âð� Àª�� �µ¨��� f ′′ ø ù¢�� ÂþÁ�ÕµÈõ ¤��ø¢ f : (0 + ∞) → R À��î­Âê -2

À�û¢ ö�È÷ ,limx→0+ f ′′(x) = +∞

lim
x→0+

f(x)
f ′(x)

= 0

,Ýþ¤�¢ ù�Ú÷� 0 ≤ p ≤ 1 Âð� À��î ´��� -3

(a + b)p ≤ ap + bp

×þ



Ý � ª� � � µ ª�¢ x ∈ R Â û ý�¥�� � ø f(x) = a1 sin x + a2 sin2x + · · · + an sin nx À � � î ­Â ê -4

À�û¢ ö�È÷ .|f(x)| ≤ | sin x|

|a1 + 2a2 + · · · + nan| ≤ 1

.g′(x) 6= 0 Ý�ª�� �µª�¢ x ∈ (a, b) ý�¥��� ø ù¢�� ÂþÁ�ÕµÈõ g ø f ,x ∈ [a, b] Âû ý�¥��� À��î­Âê -5

�îý¤�Ï�� c ∈ (a, b) ¢¤�¢ ¢��ø À��î ´���

f(c) − f(a)
g(b) − g(c)

=
f ′(c)
g′(c)

�îý¤�Ï�� c ∈ (a, b) ¢¤�¢ ¢��ø À��î ´��� .f ′(a) = f ′(b) ùø�ã� ø ù¢�� ÂþÁ�ÕµÈõ f : [a, b] → R -6

f ′(c) =
f(c) − f(a)

c − a

Ý�ª�� �µª�¢ x ∈ (0,1) Âû ý�¥��� ùø�ã� ø f(0) = 0 ø ù¢�� ÂþÁ�ÕµÈõ f : [0,1] → R À��î­Âê -7

�îý¤�Ï�� c ∈ (0,1) ¢¤�¢ ¢��ø À��î ´��� .f(x) > 0

2f ′(c)
f(c)

=
f ′(1− c)
f(1− c)

�îý¤�Ï�� d ∈ (0,1) ¢¤�¢ ¢��ø �þ�

3f ′(d)
f(d)

=
f ′(1− d)
f(1− d)

.

¢Àä Âû ý�Â� À�û¢ ö�È÷ .f(1) = 1 ø f(0) = 0 ø ù¢�� ÂþÁ�ÕµÈõ [0,1] ýø¤ f(x) À��î ­Âê -8

�î ý¤�Ï�� À÷¤�¢ ¢��ø [0,1] ý�Ü¬�ê ¤¢ x1, . . . , xn Ãþ�Þµõ ¯�Ö÷ n üã�±Ï
n∑

i=1

1

f ′(xi)
= n

Ý�ª�� �µª�¢ ø ù¢�� ÂþÁ�ÕµÈõ (a, +∞) ý�Ü¬�ê ýø¤ f(x) À��î ­Âê -9

lim
a→+∞

(
f(x) + f ′(x)

)
= L

. lim
x→+∞

f ′(x) = 0 ø lim
x→+∞

f(x) = L À��î ´��� .L ∈ R ø

:�îý¤�Ï�� Àª�� â��� ×þ f ø c ∈ R À��î ­Âê -10

lim
x→+∞

f(x) = c, lim
x→+∞

f ′′′(x) = 0,

À��î ´���

lim
x→+∞

f ′(x) = 0, lim
x→+∞

f ′′(x) = 0.

�îý¤�Ï�� A ≥ 0 Àª�� �µª�¢ ¢��ø ø f(a) = 0 ø ù¢�� Â þÁ�ÕµÈõ [a, b] ýø¤ f(x) À��î­Âê -11

Ý þ¤�¢ x ∈ [a, b] Â û ý�¥�� � À � � î ´ �� � .|f ′(x)| ≤ A|f(x)| Ý �ª� � � µ ª�¢ x ∈ [a, b] Â û ý�Ï�� �

.f(x) = 0

ø¢



,x ∈ R Âû ý�¥��� ø f(x) + f ′′(x) = −xg(x)f ′(x) ø ù¢�� ÂþÁ�ÕµÈõ ¤��ø¢ f : R → R À��î­Âê -12

.´¨� ¤�¢ö�Âî |f(x)| À��î ´��� ,g(x) ≥ 0

a ∈ R ¢¤�¢ ¢��ø À��î ´��� .Àª�� �µ¨��� f ′′′(x) ø ù¢�� ÂþÁ�ÕµÈõ ¤���¨ f : R → R À��î­Âê -13

,�î ý¤�Ï��

f(a)f ′(a)f ′′(a)f ′′′(a) ≥ 0

ö�È÷ .f ′(0) = f ′(1) = 0 ø f(1) = 1 ø f(0) = 0 ø ù¢�� ÂþÁ�ÕµÈõ ¤��ø¢ üã��� f(x) À��î­Âê -14

.|f ′′(c)| ≥ 4 �î ý¤�Ï�� c ∈ [0,1] ¢¤�¢ ¢��ø À�û¢

�¨


