
üó�ã� �ÞÆ�

(Hard) ô¤�ú� ýÂ¨
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Û� ý�û§�î ¤¢ üÜ��Æõ ß��� �Áó ,Àª��üÞ÷ üõ�Ãó� ô�Þä ý�Â� �ú÷� Û� ø ´¨� üõ�Þä ü®�þ¤ §¤¢

.¢�ªüÞ÷ Û� ßþÂÞ�

üÚµ¨��� ø À� ,â���

I üõ�Þä ü®�þ¤ Û��Æõ

â��� À�û¢ ö�È÷ -1
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0 x ∈ R − Q
.´¨� �µ¨��� ,�þ�ð�÷ ý�ÎÖ÷ Âû ¤¢ ø �µ¨����÷ ,�þ�ð ý�ÎÖ÷ Âû ¤¢

.¢Â�Ú� ¤��ø¢ �fÖ�ì¢ �¤ ©¢Â� ¤¢ ¤�ÀÖõ Âû �î ¢¤�À÷ ¢��ø R ýø¤ ý� �µ¨��� â��� º�û À��î ´��� -2

ý�¥��� À��î ´��� .f(
f
(
f(x)

))
= x ,x ∈ R Âû ý�¥��� ø ù¢�� �µ¨��� üã��� f : R → R À��îÂê -3

.f(x) = x ,x ∈ R Âû

.´¨� �µ¨��� üã��� f(x) ¢Â� ýø¤ f−1 ù�Ú÷� Àª�� ×þ �� ×þ ø �µ¨��� [a, b] ýù¥�� ¤¢ f â��� Âð� -4

.À�î ëÀ¬ Âþ¥ Íþ�Âª ¤¢ ø Àª�� �µ¨��� f : [0,1] → R â��� À��î Âê -5

.f(x) ≥ 0 ,x ∈ [0,1] Âû ý�Â� ( Óó�

f(1) = 1 ( �

×þ



:Ý�ª�� �µª�¢ ù�Ú÷� x + y ∈ [0,1] �îx, y ∈ [0,1] Âû ý�Â� ( �

f(x) + f(y) ≤ f(x + y)

.f(x) ≤ cx �î À����� �¤ c ßþÂµØ��î

ü�ãþ ´¨� x0 À�÷�õ ´��� ý��ÎÖ÷ ý�¤�¢ �î ù¢�� ×þ �� ×þ ø �µ¨��� üã��� f : R → R À��îÂê -6

x ∈ R Âû ý�¥��� À��î ´��� f(
2x − f(x)

)
= x Ý�ª�� �µª�¢ x ∈ R Âû ý�¥��� Âð� ,f(x0) = x0

.f(x) = x Ýþ¤�¢

Ý�ª�� �µª�¢ a ≤ x ≤ y ≤ b Âû ý�¥��� ø ù¢�� [a, b] ý�Ü¬�ê ýø¤ ¤�¢ö�Âî üã�� � f À��î Âê -7

.´¨� �µ¨��� x ¤¢ f(x) ,x ∈ (a, b) Âû ý�¥��� À��î ´��� f(x + y

2

)
≤ f(x) + f(y)

2

f(
√

x2 + y2) = f(x)f(y) Ý�ª�� �µª�¢ x, y ∈ R Âû ý�¥��� ø ù¢�� �µ¨��� R ýø¤ f(x) À��î Âê -8

.Àþ¤ø� ´¨¢�� �¤ f(x) ý�Î��®

:Ý�ª�� �µª�¢ x, y ∈ R Âû ý�¥��� �îý¤�Ï�� À��î ß��ã� �¤ ,f(x) �µ¨��� â���� ô�Þ� -9

f(x + y) + f(x − y) = 2f(x)f(y)

´¨� ¼�½¬ ý�Èþ¤ ø¢ ý�¤�¢ x3 − x + a ý��ÜÞ�À�� ö� ý�¥��� �î a ¼�½¬ ¢Àä �ú�� À��î ´��� -10

.Àª��üõ a = 0

�µª�¢ x > 0 Âû ý�¥��� �î ý¤�Ï�� Àª�� ý¢�ã¬ �fÀ�î� â��� ×þ f : (0, +∞) → R À��î Âê -11
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> 0 ,x > 0 Âû ý�¥� �� ( Óó�
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= 1 ,x > 0 Âû ý�¥� �� ( �
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