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ÕµÈõ ¢Â�¤�î ø ÕµÈõ

I üõ�Þä ü®�þ¤ Û��Æõ

¥� �ÎÖ÷ Âû ¤¢ ¢�ªüõ ÓþÂã� f(x) =
1

x
�¤�¬�� �î f : R − {0} → R â�� � �î À��î Õ�Ö½� -1

.Àþ¤ø� ´¨¢�� ö� ÕµÈõ ý�Â� ý¤�µ¨¢ ø ´¨� ÂþÁ�ÕµÈõ ÇÔþÂç� ý��õ�¢

ô�Àî ¤¢ ¢�ªüõ ÓþÂã� g(x) =
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⌋
�¤�¬�� �î g : R − {0} → R â��� �î À��î Õ�Ö½� -2

.À����� ö� ÕµÈõ ý�Â� ý¤�µ¨¢ ,´Æ�÷ ÂþÁ�ÕµÈõ ¯�Ö÷ ô�Àî ¤¢ ø ´¨� ÂþÁ�ÕµÈõ ¯�Ö÷

.Â�¡ �þ ´¨� ÂþÁ�ÕµÈõ ÂÔ¬ ¤¢ À��î Õ�Ö½� Âþ¥ â���� ¥� ×þÂû ¢¤�õ ¤¢ -3
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.À÷�§�Þõ 0 ý�ÎÖ÷ ¤¢ ùÀª ù¢�¢ â��� ø¢ À��î Õ�Ö½� ¢¤�õ Âû ¤¢ -4

g(x) = −x3 + x ø f(x) = x ( Óó�

g(x) = −|x|3 + |x| ø f(x) = |x| ( �

(n ≥ 2 ø ´¨� üã�±Ï ý¢Àä n) g(x) = xn ø f(x) = x|x| ( �

g(x) = | sin x| ø f(x) = |x| ( �

.Àª�� ÂþÁ�ÕµÈõ a ý�ÎÖ÷ ¤¢ f : R → R â��� À��î ­Âê -5
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:´¨� f ′(a) �� Â��Â� ø ¢¤�¢ ¢��ø Âþ¥ À� À��î ´��� ( Óó�

lim
h→0

f(a + h) − f(a − h)
2h

.Àª�� ÂþÁ�ÕµÈõ a ý�ÎÖ÷ ¤¢ â��� �î ¢¤�À÷ üõøÃó ,Àª�� �µª�¢ ¢��ø ��� À� Âð� �î À�û¢ ö�È÷ ( �

ùÀª ù¢�¢ �¤�±ä �î À��î �À�� �¤ R ¥� ý��ä�Þ¹õÂþ¥ ßþÂ�ï¤Ã� Âþ¥ ý�û�¤�±ä ¥� ×þ Âû ¢¤�õ ¤¢ -6

.À��î �À�� �¤ â��� ÕµÈõ ø Àª�� ÂþÁ�ÕµÈõ üã��� �ä�Þ¹õ ßþ� ýø¤
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.À��î Õ�Ö½� ùÀª ù¢�¢ ýù¥�� ýø¤ Âþ¥ ý�ûâ��� ¥� ×þ Âû ¤¢ �¤ ß�Ú÷��õ ¤�ÀÖõ ý��Ìì üµ¨¤¢ -7

.[0,2] ýø¤ f(x) = x2 − 3x + 1 ( Óó�

.[−2,1] ýø¤ f(x) =
1− x

2x − 5
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] ýø¤ f(x) = sin x + cosx ( �

�ûù¥� � ô�Àî ýø¤ ø ´¨� ý¢�ã¬ �ûù¥� � ô�Àî ýø¤ ùÀª ù¢�¢ â�� � �î À��î É¿Èõ ¢¤�õ Âû ¤¢ -8

üã®�õ ÝÞ���õ �þ üã®�õ ÝÞ�Æî�õ â��� �î À��îÉ¿Èõ ´¨� ÂÔ¬ â��� ÕµÈõ �î üÏ�Ö÷ ¤¢ .üóøÃ÷

.Â�¡ �þ ¢¤�¢

f(x) = x + cosx (� f(x) = sin x + cosx (Óó�

f(x) = 3x5 − 10x3 + 15x (� f(x) =
1

x2 + x + 1
(�

f(x) = x101 − x100 (� f(x) = x100 − x99 (�

ô¥� üÏÂª À��î ´��� .ÀþÂ�Ú� ÂÑ÷¤¢ �¤ x3 + px+ q = 0 ý�ó¢�ãõ .À÷�ùÀª ù¢�¢ q ø p üÖ�Ö� ¢�Àä� -9

.4p3 + 27q2 > 0 �î ´¨� ßþ� Àª�� �µª�¢ üÖ�Ö� ý�Èþ¤ ×þ ÍÖê �ó¢�ãõ ßþ� �Ø�þ� ý�Â� üê�î ø

¢Àä ø¢ Âû ý�¥��� À��î ´��� .f ′(x) =
x2 sin x

1+ x4
�î ¢¤�¢ ¢��ø f : R → R À�÷�õ ÂþÁ�ÕµÈõ üã��� -10

:´¨� ´¨¤¢ Âþ¥ ýÂ��Â��÷ b ø a À�÷�õ üÖ�Ö�

|f(a) − f(b)| ≤ 1

2
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.À��î ´��� �¤ Âþ¥ ý�ûýÂ��Â��÷ ,0 < x <
π

2
Âð� -11
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À��î ´��� ,ß�Ú÷��õ ¤�ÀÖõ ��Ìì ø lim
θ→0

1− cos θ

θ
= 0 À� ×Þî �� -12

lim
x→0

sin x − x
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= 0

:À��î �À�� �¤ ö� ÕµÈõ ¤�µ¨¢ ø ´¨� ÂþÁ�ÕµÈõ �� �Þû ´¨� ùÀª ÓþÂã� Âþ¥ ¤¢ �î S â��� À��î ´��� -13
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À�îüõ ÓþÂã � Â þÁ �ÕµÈõ üã �� � ùÀª ù¢�¢ �¤� ±ä ö� ¤¢ �î �¤ ý�� �õ�¢ ßþÂ �ï¤Ã � ¢¤�õ Âû ¤¢ -14

.À��î �À�� �¤ â��� ÕµÈõ ø À��îÉ¿Èõ
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Å� ,(?�Â�) ´¨� À�î� ý¢�ã¬ ¢�ªüõ ÓþÂã � f(x) = x3 + x �¤�¬�� �î f : R → R â�� � -15

.À��î ��Æ� �¤ g′′(2) ø g′(2) .¢¤�¢ g À�÷�õ ü÷ø¤�ø

.À�ª�� §�Þõ y = x Í¡ Â� (x0, x0) ý�ÎÖ÷ ¤¢ f : R → R ÂþÁ�ÕµÈõ â�� � ¤�¢�Þ÷ À��î ­Âê -16

¤¢ Ã�÷ fn ¤�¢�Þ÷ À��î ´��� .Ý�û¢üõ Çþ�Þ÷ fn �� �¤ ,f ◦ · · · ◦ f︸ ︷︷ ︸
¤�� n

ü�ãþ ,©¢�¡ �� f ýù¤�� n °�îÂ�

.´¨� §�Þõ y = x Í¡ Â� (x0, x0) ý�ÎÖ÷

ÂþÁ�ÕµÈõ a ý�ÎÖ÷ ¤¢ g ◦ f â��� �î À�ª�� ý¤�Ï g : R → R ø f : R → R ý�ûâ��� À��î ­Âê -17

.´¨� ÂþÁ�ÕµÈõ f(a) ý�ÎÖ÷ ¤¢ g ø a ý�ÎÖ÷ ¤¢ f �î ´êÂð �¹�µ÷ ö���üõ �þ� .Àª��

ùÀ�õ¢ ×�î¢�� ¤¢ ��÷�� ¤¢ °ãØõ Âµõüµ÷�¨ 600´��� ´äÂ¬ �� ��û ýøÂî üØ�î¢�� ö¢Âî ¢�� ý�Â� -18

ßþ� ¤¢ ?À��þüõ Çþ�Ãê� üµäÂ¨ �� �� ùÂî á�ãª ,Àª�� Âµõüµ÷�¨ 15 ×�î¢�� á�ãª üµìø .¢�ªüõ

?´¨� Çþ�Ãê� �� ø ¤ üµäÂ¨ �� �� ×�î¢�� ¼Î¨ �Ñ½ó

ý�Î¡ Â·î�À� ö�Ã�õ Å³¨ ,À��î ��Æ� üÎ¡ °þÂÖ� ©ø¤ �� �¤ Âþ¥ Âþ¢�Öõ ¥� ×þÂû ü±þÂÖ� ¤�ÀÖõ -19

.À�÷Ã� ß�Þ¿� ôø¢ ÕµÈõ ¥� ù¢�Ôµ¨� �� �¤ �±¨�½õ
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�ú÷� ô� k ÕµÈõ ý�Â� ý¤�µ¨¢ ø À÷¤�¢ ÕµÈõ ý��±�Âõ Âû ¥� ùÀª ù¢�¢ ý��õ�¢ ¤¢ Âþ¥ â���� À�û¢ ö�È÷ -20
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.´¨� ùÀª ù¢�¢ R á�ãª �� ý�ùÂþ�¢ -21

.¢¤�¢ �¤ ßØÞõ ´��Æõ ßþÂµÈ�� â�Âõ ,ùÂþ�¢ ßþ� ¤¢ ¯�½õ ý�ûÛ�ÎµÆõ ö��õ ¤¢ À��î ´��� ( Óó�

á�Ò��ýø�Æµõ ¶Ü·õ ,ùÂ þ�¢ ßþ� ¤¢ ¯�½õ ß�ì�Æó�ýø�Æµõ ý�û¶Ü·õ ö��õ ¤¢ À��î ´�� � ( �

.¢¤�¢ �¤ ßØÞõ ´��Æõ ßþÂµÈ��

ý��ÜÞ�À�� ¤¢ ø ´¨� ÂÔ¬ �ø¥ ý��¤¢ ý�û�ÜÞ� °þÂ® ,¢Âê â��� ¤�Ü�� ý��ÜÞ�À�� ¤¢ À��î ´��� -22

.´¨� ÂÔ¬ ¢Âê ý��¤¢ ý�û�ÜÞ� °þÂ® ,�ø¥ â��� ¤�Ü��

.À�Æþ��� 0 �ÎÖ÷ ñ�� �¤ (1 + x)
1

n â��� 3 ý��¤¢ ¤�Ü�� ý��ÜÞ�À�� ,Àª�� ¼�½¬ ý¢Àä n Âð� -23

.´¨� ÂµÞî 10−4 ¥� 3
√
1*1 ≈ 1+

1

30
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°þÂÖ� ý�Î¡ �î À��î ´��� ß��»Þû

¯�Ö÷ .ÀþÂ�Ú� ÂÑ÷ ¤¢ �¤ f(x) = pxq − qxp â��� .p < q ø À�ª�� üã�±Ï ý¢�Àä� q ø p À��î­Âê -24

.À��î ß��ã� �¤ ×þÂû á�÷ ø À��î �À�� �¤ â��� ßþ� ü÷�Â½�

.f ′(x) 6= 1 Ý�ª�� �µª�¢ x ∈ [0,1] Âû ý�¥��� ø ù¢�� ÂþÁ�ÕµÈõ f : [0,1] → [0,1] À��î­Âê -25

.f(c) = c �îý¤�Ï�� c ∈ [0,1] ×þ �fÖ�ì¢ ¢¤�¢ ¢��ø À�û¢ ö�È÷

À��î ­Âê -26

f(x) =
{sin x x ∈ Q

x x ∈ R − Q

.´¨� ÂþÁ�ÕµÈõ ÂÔ¬ �ÎÖ÷ ¤¢ f(x) À��î ´���

.À÷¤�¢ �Èþ¤ ø¢ �fÖ�ì¢ g(x) = 2x2 − x sin x − cosx ø f(x) = x2 − cosx â���� À��î ´��� -27

.¢¤�¢ üÖ�Ö� ���� ×þ �fÖ�ì¢ x2 + cos2 x = cosx ý�ó¢�ãõ À�û¢ ö�È÷ -28
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f ′(x)
(
f(x)

)3 = 0 Ý�ª�� �µª�¢ x ∈ R Âû ý�¥��� ø ù¢�� ÂþÁ�ÕµÈõ üã��� f : R → R À��î ­Âê -29

.´¨� ´��� üã��� f(x) À��î ´���

À��î ­Âê -30

f(x) =

{
x4 sin2
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x
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À � � î ´ �� � ß � � » Þ û ø ´ ¨� f ý�Â � ü ã®� õ Ý Þ � � � õ ý� Î Ö ÷ × þ Â Ô ¬ � î À � û¢ ö� È ÷

.f ′(0) = f ′′(0) = 0

´êÂð �¹�µ ÷ ö�� �üõ � þ� , lim
x→+∞

f(x) = 0 ø Àª� � Â þÁ �ÕµÈõ (0, +∞) ýø¤ f(x) À��î ­Âê -31

. lim
x→+∞

f ′(x) = 0

ý�¥��� Âð� . lim
x→b−

f(x) = −∞ ø lim
x→a+

f(x) = +∞ ø ù¢�� ÂþÁ�ÕµÈõ f : [a, b] → R À��î­Âê -32

b− a = π �î À�û¢ ���¤� üó�·õ .b− a ≥ π À��î ´��� f ′(x) + f2(x) ≥ −1 Ý�ª�� �µª�¢ x ∈ (a, b)

.Àª�� �µª�¢ �¤ ë�ê Íþ�Âª ø Àª��

ýùÀä�ì á�ãª �î À��î­Âê .¢�ªüõ üÏøÂ¿õ â±�õ ×þ ¢¤�ø �Ö�ì¢ ¤¢ °ãØõÂµõ 2 Ù�û� �� �� -33

�� á�Ô�¤� �î ü÷�õ¥ ¤¢ �� á�Ô�¤� Â��ç� Ù�û� ´¨� ��ÜÎõ .´¨� Âµõ b ö� á�Ô�¤� ø Âµõ a â±�õ ßþ�
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