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¤¢ ö� ÝÞ���õ ø ´¨� ´±·õ�÷ ù¥�� ßþ� ¤¢ x ln x â��� Ã�÷ ø 0 < (1+ x2)2 � 4 ö� ¥� ø x2 � 1 Ýþ¤�¢ (0;1] ù¥�� ¤¢ (Óó� �� 4
�1
4e

<

Z 1

0

x lnx

(1+ x2)2
� 0 ¢�ªüõ �¹�µ÷ ö� ¥� ø �1

4e
<

x lnx

(1+ x2)2
� 0Å� ,�1

e
Â��Â� ø Àû¢üõ  ¤ x =

1

e

.´¨�ÂÚÞû ÂÑ÷ ¢¤�õ ñ�ÂÚµ÷� Å�

(� �� 4
Z +1

0

xe�x
2

dx = �1
2
e�x

2
���+1
0

= �1
2

��
lim

x!+1
e�x

2�� 1� =
1

2

(� �� 4I =

Z 1

0

sinx+ cosx
5
p
1� x3

dx ø 0 <
sinx+ cosx

5
p
1� x

5
p
1+ x+ x3

<

p
2

5
p
1� x

=) 0 < I <

Z 1

0

p
2

5
p
1� x

dx = �5
p
2

4
(1� x)

4

5

���1
0
=
5
p
2

4

´Ôû



deg(P ) = n À��î ­Âê .´¨� ÂþÁ�ñ�ÂÚµ÷� Å� ´¨� ¤�À÷�Âî �¹�µ÷¤¢ ø �µ¨��� P (x)e�x
2 â��� A > 0 Âû ý�Â� (� �� 4

Âð� �î A > 0 ¢¤�¢ ¢��ø Å� . lim
x!+1

P (x)

x2n+1
= 0 Ýþ¤�¢ an > 0 À��î ­Âê .P (x) =

nX
k=0

akx
k À�û¢ ¤�Âì ø

Å� 0 < P (x)e�x
2

< x2n+1e�x
2 Ýþ¤�¢ x � A Âð� Å� 0 < P (x) < x2n+1 ù�Ú÷� x � A

0 <

Z +1

A

P (x)e�x
2

dx <

Z +1

A

x2n+1e�x
2

dx

��x2 = u

�2xdx = du
=)

�
A! �A2

+1! �1Z +1

A

x2n+1e�x
2

dx =

Z �1

�A2

(�u)neudx =
(�1)n+1

2

Z �1

�A2

uneudx

(  �� 1) ¥� ù¢�Ôµ¨� ��

=
(�1)n+1

2

nX
k=0

(�1)k n!

(n� k)!
un�keu

����1
�A2

=
�1
2

nX
k=0

n!

(n� k)!
x2n�2ke�x

2
���+1
A

=
�1
2

nX
k=0

n!

(n� k)!

�
lim

x!+1
x2n�2ke�x

2

| {z }
0

�
+
1

2

nX
k=0

n!

(n� k)!
A2n�2ke�A

2

.´¨�ÂÚÞû
Z +1

0

P (x)e�x
2

dx ü�ãþ ´¨�ÂÚÞû
Z +1

A

P (x)e�x
2

dxÅ�

(Óó� �� 5
Z +1

1

x lnx

(1+ x2)2
dx

8><
>:
x =

1

u

dx = �du

u2

=)
�
1! 1

+1! 0

=

Z 0

1

u lnu

(1+ u2)2
du = �

Z 1

0

u lnu

(1+ u2)2
du

:Å� ´¨�ÂÚÞû ë�ê ñ�ÂÚµ÷� Û±ì ñ��¨ (Óó�) ´ÞÆì Â����Z +1

0

x lnx

(1+ x2)2
dx =

Z 1

0

x lnx

(1+ x2)2
dx+

Z +1

1

x lnx

(1+ x2)2
dx

=

Z 1

0

x lnx

(1+ x2)2
dx�

Z 1

0

u lnu

(1+ u2)2
du = 0

ù¥�� ýø¤ Å� ´¨�ÂÚÞû [0;+1) ýø¤ â��� ßþ� ñ�ÂÚµ÷� Û±ì ñ��¨ (�) ´ÞÆì Â���� ø ´¨� ¢Âê üã��� xe�x2 â��� (� �� 5

.¢�� Àû��¡ ÂÔ¬ R ýø¤ ñ�ÂÚµ÷� Å� ´¨� [0;+1) ¤¢ ñ�ÂÚµ÷� ¤�ÀÖõ ��þÂì ø �ÂÚÞû Ã�÷ (�1;0]

:Ýþ¤�¢ ñ�µ���û ¥� ù¢�Ôµ¨� �� ,´¨� Ýú±õ 0

0
�¤�¬ �� À� (Óó� �� 6lim

x!0

2x sinx4

6x5
=
1

3

:Ý��î ×�ØÔ� �¤ ñ�ÂÚµ÷� ´½� â��� Àþ�� ßµêÂð ñ�µ���û ¥� Û±ì ,´¨� Ýú±õ 0

0
�¤�¬ �� À� (� �� 6Z x

0

�
(t� x)

p
cos t

�
dt =

Z x

0

t
p
cos tdt� x

Z x

0

p
cos tdt

lim
x!0

1

x2

Z x

0

�
(t� x)

p
cos t

�
dt

Hop
===

lim
x!0

1

2x

�
x
p
cosx�

Z x

0

p
cos tdt� x

p
cosx

�
Hop
=== � lim

x!0

1

2

p
cosx = �1

2

´Èû



(7
Z b

a

f(x)g00(x)dx

�
u = f(x)

dv = g00(x)
=)

�
du = f 0(x)

v = g0(x)

=
�
f(x)g0(x)

����b
a| {z }

0

�
Z b

a

f 0(x)g0(x)dx

�
u = f 0(x)

dv = g0(x)
=)

�
du = f 00(x)

v = g(x)

=
�� f 0(x)g(x)

����b
a| {z }

0

+

Z b

a

f 00(x)g(x)dx

fg0 ø À�µÆû ¤�¢ö�Âî �¹�µ÷¤¢ ø À÷��µ¨��� [a; b] ýø¤ g0 ø f 0 Å� ¢¤�¢ ¢��ø [a; b] ýø¤ g00 ø f 00 ö�� �î ¢�ª ´ì¢

.À÷�ªüõ ÂÔ¬ b ø a ¯�Ö÷ ¤¢ f 0g ø

(8f 0(x) = sinh
�x
a

�
=) s(x) =

Z x

0

r
1+ sinh2

� t
a

�
dt =

Z x

0

cosh
� t
a

�
dt = a sinh

�x
a

����x
0
= a sinh

�x
a

�

.(x > 0 �� ���� ��) ÝþÂ�Ú� ÂÑ÷ ¤¢ x =
2

3
y
3

2 �¤�¬ �� �¤ ü�½�õ ´¨� Âµú� (9

dx

dy
=
p
y =) §�ì ñ�Ï =

Z 3

0

p
1+ ydy =

2

3
(1+ y)

3

2

���3
0
=
14

3

.Àª��üõ 5� Â��Â� �î ´¨� ùÂþ�¢ Í�½õ â�¤ ùÀª �µ¨��¡ ñ�Ï ø Àª��üõ 10 á�ãª �� ùÂþ�¢Ý�÷ ×þ ü�½�õ (10

,ÝþÂ�Ú� ÂÑ÷ ¤¢ �¤ �û x ¤�½õ Â� ¢�Þä �½Ô¬ Âð� .ÝþÂ�ðüõ �û x ¤�½õ �¤ö� ÂÎì ø x2 + y2 = 1 �¤ âÎÖõ ùÂþ�¢ (11

,ÝÆ� �� ÂÑ÷¢¤�õ �½Ô¬ âÎÖõ Å� ´¨� 45Æ �þø�¥ ö�� ø À�îüõ âÎì y ñ�Ï �� üÎ¡ù¤�� ¤¢ �¤ ÝÆ� ùÀä�ì

ø ´¨� A(x) = 1

2
y2 = 1

2
(1� x2) Â��Â� âÎÖõ ¼Î¨ ´��Æõ ßþ�Â���� .´¨� ß�ì�Æó� ýø�Æµõ ø �þø�Ãó� Ý��ì ü·Ü·õ

Ý¹� =
1

2

Z 1

�1
(1� x2)dx =

Z 1

0

(1� x2)dx =
2

3

:Ýþ¤ø�üõ ´¨¢ �� �¤ ü�½�õ ø¢ ¢¤�¡Â� �ÎÖ÷ (12

y = jxj =) x = 2� x2 =) x2 + x� 2 = 0 =) x = 1;�2

´��Æõ =
Z 1

�2

�p
2� x� jxj

�
dx =

Z 0

�2

�p
2� x+ x

�
dx+

Z 1

0

�p
2� x� x

�
dx

=
�
� 2

3
(2� x)

3

2 +
x2

2

����0
�2

+
�
� 2

3
(2� x)

3

2 � x2

2

����1
0

=
�
� 4

3

p
2+

16

3
� 2

�
+
�
� 2

3
� 1

2
+
4

3

p
2

�
=
13

6

¢�ªüõ ¢�¹þ� �û x ¤�½õ ñ�� 0 � x � � ý�Â� y =
p
sinx ö�¤ø¢ ¥� ÝÆ� (13

Ý¹� = �

Z �

0

y2dx = �

Z �

0

sinxdx = 2�

�÷



,¢�� Àû��¡ CD Â��Â� AB ö�Þî ñ�Ï ÛØª ¤¢ ¢���õ ö¤�Ö� Â���� ø ´¨� ùÂþ�¢Ý�÷ ×þ ÂÑ÷ ¢¤�õ ü�½�õ �î À��î ´ì¢ (14

ñ�Ï ø ´¨� ùÂþ�¢ Ý�÷ AD ö�Þî üêÂÏ ¥� À�ª�� Â��Â� Ýû �� CD ø BC ,AB ý�ûö�Þî �î Ý����� Àþ�� ý¤�Ï �¤ k Å�

.k = r sin
�

3
=

p
3

2
r ø ¢�� À�û��¡ �

3
r Â��Â� ÂÑ÷ ¢¤�õ ý�û§�ì ñ�Ï Å� ´¨� �r Â��Â� ö�

Àû��¡ �û x ¤�½õ ö�¤ø¢ ¤�½õ ø Àª�� ( a
2
; b+

p
3a
2

) ø (a; b) ,(0; b) °��Â��� ¶Ü·õ §��¤ ��Êµ¿õ À��î­Âê (15

�¤�¬�� ¶Ü·õ âÜ® �ó¢�ãõ .Ýþ¤ø� ´¨¢�� �¤ ¶Ü·õ ²� �Þ�÷ ö�¤ø¢ ¥� Û¬�� Ý¹� ´¨� üê�î ö¤�Ö� Â���� .¢��

.´¨� y = b+
p
3x

Ý¹� = 2�

Z a
2

0

(y2 � b2)dx = 2�

Z a
2

0

�
3x2 + 2

p
3bx

�
dx = 2�

�
x3 +

p
3bx2

���� a2
0

=
�

4
(a3 + 2

p
3ba2)

.´¨� ý¢�ã¬ (0; e] ¤¢ ø üóøÃ÷ [e;+1) ¤¢ f(x) Å� f 0(x) = x(
1

x
�x2)(1 � lnx) ø f(x) = x(

1

x
) À�û¢ ¤�Âì (16

Ý þ¤�¢ 0 < a < b � e Â ð� ß � �»Þû .ab > ba ö� ¥� ø a
1

a = f(a) > f(b) = b
1

b Ý þ¤�¢ e � a < b Â ð� Å �

.ab < ba ö� ¥� ø a
1

a = f(a) < f(b) = b
1

b

lim
x!+1

f(x) = �1 ù�Ú÷� a � 1 Âð� x 2 R Âû ý�Â� f(x) � 0 Ý�û¢ ö�È÷ Àþ�� f(x) = ax � x� 1 À�û¢ ¤�Âì (17

Ý�ª�� �µª�¢ Àþ�� ÂÑ÷¢¤�õ ýø�Æõ�÷ ý¤�ÂìÂ� ý�Â� f 0(x) = ax ln a� 1 ø f(0) = 0 .´¨� ô¥� ¯Âª a > 1Å�

.f 0(x) � 0 ,x < 0 ý�Â� ø f 0(x) � 0 ,x > 0 ý�Â�

¤�ÂìÂ � x = 0 ¤¢ Âð� �ú� � ø Âð� À÷¤�ÂìÂ � �ûýø�Æõ�÷ ßþ�Â �� � � ý¢�ã¬ �fÀ�î� ´¨� üã�� � f 0(x) Å� a > 1 ö��

.a = eÅ� ln a� 1 = 0 ü�ãþ f 0(0) = 0 ßþ�Â���� .(!)À�ª��

À � � î ­Â ê Å � (?)À � � îü õ âÎ ì �¤ Â Ú þÀ Ø þ ü �½ � õ ø¢ ß þ� � î ¢� ªü õ ùÀ þ¢ ü ð¢� ¨ � � 0 < a � 1 Â ð� (18

(0;+1) ¤¢ f(x) Âð� f(x) = ax � x À�û¢ ¤�Âì .(?)À÷¤�À÷ üì�� (�1;0] ¤¢ ü�½�õ ø¢ ßþ� ��®ø�� .a > 1

.(?)´¨� ´ ± · õ� ÷ f ¤�À Ö õ � È þ¤ ß þ� ¤¢ � î (?)¢� � À û�� ¡ � È þ¤ ý�¤�¢ Ã � ÷ f 0(x) ù� Ú ÷� À ª� � � È þ¤ ý�¤�¢

loga x Ýþ¤�¢ a > 1 �Ø�þ� ¥� f(c) = loga e� loga loga e � 0 ø c = loga loga eÅ� f 0(c) = ac ln a� 1 = 0

.a � e(
1

e
) ö� ¥� ø e � loga eÅ� ´¨� ý¢�ã¬ üã���

.Àª��üõ 0 < a � e(
1

e
) �ÜÿÆõ ���� á�Þ¹õ ¤¢

ñø¤ ��Ìì ¥� h(a) = h(b) = 0 Ã�÷ ø ´¨� I ýø¤ ÂþÁ�ÕµÈõ ø �µ¨��� üã��� h(x) ,h(x) = f(x)eg(x) À�û¢ ¤�Âì (19

,eg(c)�f 0(c) + g0(c)f(c)
�
= 0Å� f 0(c)eg(c) + g0(c)f(c)eg(c) = 0 ü�ãþ h0(c) = 0 �î c 2 (a; b) ¢¤�¢ ¢��ø

Å� ´¨� ¤�¢ö�Âî ý���Ìì Â���� ø ´¨� �µ¨��� [a; b] ýø¤ Å� a; b 2 I ø ´¨� ÂþÁ�ÕµÈõ I ù¥�� ýø¤ g(x) ö��

.Àþ�üõ ´¨¢�� ÝØ� ø eg(c) 6= 0

ù¢



ù�Ú÷� lim
x!x0

g(x) =1 ø lim
x!x0

f(x) = 0 Âð� �î À��î ���� ¢øÀ� �±¨�½õ ¥� Û±ì (20

lim
x!x0

�
1+ f(x)

�g(x)
= lim

x!x0
e
g(x) ln

�
1+ f(x)

�
= lim

x!x0
e
g(x)f(x)

= e
lim
x!x0

�
g(x)f(x)

�

Ýþ�ª ×þ¢Ã÷ x0 �� üê�î ¤�ÀÖõ �� Âð� Å� lim
x!x0

f(x) = 0 üµìø �î ßþ� ø a = elna �Î��¤ ¥� ñø� ýø�Æ� ö� ¤¢ �î

.Àþ�üõ ´¨¢�� x! 0 üµìø ln(1+ x) � x ý¥¤�Ýû ¥� ôø¢ ýø�Æ� ø .Àþ�üõ ´¨¢�� ,1+ f(x) > 0

(.À�þ�Þ÷ �ã��Âõ (§ �� 20) ñ��¨ ��) .À�µÆ�÷ ¥ ¤�Ýû �fõøÃó x0 ¤¢ e
g(x)f(x) ø �1+ f(x)

�g(x) â��� ø¢ :ÂîÁ�

(Óó� �� 20lim
x!1

�
1+ x

2+ x

�1�px
1�x

= lim
x!1

�
1+ x

2+ x

� 1�x
(1+

p
x)(1�x)

= lim
x!1

�
1+ x

2+ x

� 1

1+
p
x
=
�
2

3

�1
2

(� �� 20lim
x!0

x
p
1� 2x = lim

x!0

(1� 2x)1x = e
lim
x!0

1

x
(�2x)

= e�2

(� �� 20lim
x!+1

� x+ 2

2x� 1
�x2

= lim
x!+1

�
1

2
+

5

2

2x� 1
�x2

x2 > 0 ö�� ø 1
2

<
x+ 2

2x� 1 <
2

3
Å� 0 <

5

2

2x� 1 <
5

38
<
1

6
Å� 2x � 1 > 19 Å� x > 10 Â ð�

0 � lim
x!+1

� x+ 2

2x� 1
�x2

� 0 :Ýþ¤�¢ x! +1 Âð� ø
�
1

2

�x2
<
� x+ 2

2x� 1
�x2

<
�
2

3

�x2

(� �� 20lim
x!+1

�x2 + 1

x2 � 2
�x2

= lim
x!+1

�
1+

3

x2 � 2
�x2

= e
lim

x!+1
x2
�

3

x2�2
�
= e3

(� �� 20lim
x!a

�sinx
sin a

� 1

x�a
= e

lim
x!a

1

x�a
�
sinx
sin a � 1

�
= e

lim
x!a

1

x�a
�
sinx�sin a

sin a

�

= e
lim
x!a

1

x�a
�2 cos( x+a

2
) sin( x�a

2
)

sin a

�
= ecot a

(� �� 20lim
x!0

�
1+ tanx

1+ sinx

� 1

sinx
= e

lim
x!0

1

sinx

�
1+tanx
1+sinx � 1

�
= e

lim
x!a

1

sinx

�
tanx�sinx
1+sinx

�

= e
lim
x!0

1�cosx
cosx(1+sinx)

= e0 = 1

(� �� 20lim
x!+1

�
sin

1

x
+ cos

1

x

�x
= e

lim
x!+1

x
�
sin 1

x
+ cos 1

x
� 1�

= e
lim

x!+1
x
�
1

x
� 1

2x2

�
= e

(� �� 20lim
x!0

(x+ ex)
1

x = e
lim
x!0

1

x (x+ ex � 1) Hop
=== e

lim
x!0

1+ex

1
= e2

(  �� 20lim
x!0

�ax + bx + cx

3

�1
x
= e

lim
x!0

1

x

�
ax+bx+cx

3
� 1�

= e
lim
x!0

ax+bx+cx�3
3x

Hop
=== e

lim
x!0

ax ln a+bx ln b+cx ln c
3

= e
ln a+ln b+ln c

3 =
3
p
abc

(¢ �� 20lim
x!0

�ax2 + bx
2

ax + bx

�1
x
= e

lim
x!0

1

x

�
ax

2
+bx

2

ax+bx � 1�
= e

lim
x!0

�
ax

2
+bx

2�ax�bx
x

� 1

ax+bx

�

,Ýþ¤�¢ ñ�µ���û �� �î Ýþ¤ø� ´¨¢�� �¤ lim
x!0

ax
2

+ bx
2 � ax � bx

x
Û¬�� ´¨� üê�î

lim
x!0

ax
2

+ bx
2 � ax � bx

x
= lim

x!0

(2x)(ax
2

ln a+ bx
2

ln b)� ax ln a� bx ln b

1
= � lna� ln b

:Ýþ¤�¢ lim
x!0

1

ax + bx
=
1

2
�Ø�þ� �� ���� �� ø

= e
� ln a�ln b

2 =
1p
ab

ù¢¥�þ



(£ �� 20lim
x!�1

ln(1+ e�x)

x
= lim

x!�1

ln
�
e�x(ex + 1)

�
x

= lim
x!�1

�x+ ln(ex + 1)

x
= �1

:¢�ªüõ ö��� Âþ¥ �¤�¬�� ñ��¨ ¢¤�õ À� ø u! 1+ Å� x! 0 ö�� ,coshx = u À�û¢ ¤�Âì (¤ �� 20

lim
u!1+

lnu
m
p
u� n

p
u

Hop
=== lim

u!1+

1

u

1

mu
1�m
m � 1

nu
1�n
n

=
nm

n�m

(¥ �� 20
lim
x!0

� sinx
x

� 1

x2 = e
lim
x!0

1

x2

�
sin x
x
� 1�

= e
lim
x!0

sin x�x
x3

Hop
=== e

lim
x!0

cos x�1
3x2 Hop

=== e
lim
x!0

� sinx
6x

= e
�1
6

(¦ �� 20
lim
x!0

(1+ x)
1

x � e

x

Hop
=== lim

x!0

(1+ x)
1

x
�

1

x(1+x) � ln(1+x)
x2

�
1

= lim
x!0

(1+ x)
1

x

x+ 1
� lim

x!0

x� (1+ x) ln(1+ x)

x2

Hop
=== e� lim

x!0

1� ln(1+ x)� 1
2x

Hop
=== e� lim

x!0

� 1

1+x

2
= � e

2

Û±ì ñ��¨ ¥� ù¢�Ôµ¨� �� (§ �� 20

lim
x!0

� (1+ x)
1

x

e

�1
x
= e

lim
x!0

1

x

� (1+x)1x
e � 1�

= e
lim
x!0

1

e

� (1+x)1x�e
x

�
= e

�1
2

(© �� 20
lim
x!1

(2� x)tan
�x
2 = e

lim
x!1

tan
�
�x
2

�
(1� x)

= e
lim
x!1

sin(�x
2
)
(1� x)

cos �x
2 = e
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