
(1) IR
n ¤¢ ü¨À�Üì� �b¨À�û ø üÜ¡�¢ �Â®

�b ¨À�û ¤¢ .Ýþ�ù¢�¢ Ý�Þã� Rn �� �¤ ý¥��� ø �½Ô¬ ,Í¡ ,�ÎÖ÷ À�÷�õ �¨À�û üþ�Àµ�� Ý�û�Ôõ ö��î��

¶½� ø Rn ¤¢ Ý�û�Ôõ ßþ� üêÂãõ �õ ýÀã� éÀû .À��îüõ �Ôþ� üÞúõ ÇÖ÷ Ã�÷ �þø�¥ ø ñ�Ï ü��õÀÖõ

üÜ¡�¢ �Â® ø �þø�¥ ,ñ�Ï �b Î��¤ ¤�î ßþ� ý�Â � .´¨�ú÷� � � �µÆ��ø ü¨À�û ý�ûá�®�õ ö�õ�Â� �

�¤ \�þø�¥" ø \ñ�Ï" ô�úÔõ ø¢ Âû �î Ýþ¥�¨üõ ö�È÷ ÂÏ�¡ ø Ý��îüõ ý¤ø�¢�þ �¤ R3 ø R2 ¤¢ �û¤�¢Â�

.Ý�û¢üõ ¤�Âì ¶½� ý��� �¤ üÜ¡�¢ �Â® Rn ¤¢ ø¤ ßþ� ¥� .¢Âî ö��� üÜ¡�¢ �Â® °Æ�Â� ö���üõ

ÓþÂã � Â þ¥ �¤�¬ �� ,u � v ,� ú ÷� üÜ¡�¢ �Â®Û¬�� °Üè� À�ª�� R3 ¤¢ ¤�¢Â � ø¢ u; v Â ð�

:¢�ªüõ

u � v = jujjvj cos� (1)

:�î ¢�ªüõ �¹�µ÷ (1) ¥� ,u = v ö¢�¢ ¤�Âì �� .´¨� [0; �] ¤¢ v ø u ß�� �þø�¥ � �î

juj = p
u � u (2)

�î ý¤�Ï �� ,v 6= 0 ø u 6= 0 Âð� ñ�� .¢Âî ö��� üÜ¡�¢ �Â® °Æ�Â� ö���üõ �¤ ¤�¢Â� ñ�Ï ü�ãþ

:´ª�÷ ö���üõ (1) ¥� ,Àª�� �µª�¢ ü�ãõ ,� 2 [0; �] ,�ú÷� ß�� �b þø�¥

cos� =
u � vp

u � upv � v (3)

¢�Àä� ü�ãþ ,§���Æî ý�Â� ßØÞõ Âþ¢�Öõ �b Þû ø ´¨� ×þ �� ×þ [0; �] ùb¥� � ýø¤ §���Æî â���
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ø ¢¤�¢ ¢��ø cos�1 : [�1;1] �! [0; �]§�Øãõ â��� Å� ,À�îüõ £�¿�� (¤�� ×þ) �¤ [�1;1] ùb¥��

:´ª�÷ ö���üõ

� = cos�1(
u � vp

u � upv � v (4)

ö��µ� Âð� ñ�� .Àþ�üõ ´¨¢�� üÜ¡�¢ �Â® ¥�(4) ×Þî �� Ã�÷ ¤�¢Â� ø¢ ß�� �b þø�¥ ô�úÔõ °��Â� ßþÀ�

ø (2) ßµêÂð ¤�î�� �� ö���üõ ,¢Âî ÓþÂã� \�þø�¥" ø \ñ�Ï" ¥� ÛÖµÆõ �¤ ¤�¢Â� ø¢ üÜ¡�¢ �Â®Û¬��

ü�¤�±ä ýÀã� �¨ ø ýÀã� ø¢ üÜ�Ü½� �b ¨À�û ¤¢ âì�ø ¤¢ .À�¨¤ �þø�¥ ø ñ�Ï Ý�û�Ôõ ÓþÂã� �� (4)

ßþ� �î (\§���Æî ùÀä�ì"ü��·Ü·õ �b �Ìì ×Þî ��) Àþ�üõ ´¨¢�� üÜ¡�¢ �Â®Û¬�� ý�Â� ýÂ±�

:�î ¢�ªüõ ´��� v = (v1; v2) ø u = (u1; u2) Âð� .À�îüõ ù¢¤ø�Â� �¤ ´¨��¡

u � v = u1v1 + u2v2 (5)

:v = (v1; v2; v3) ø u = (u1; u2; u3)ý�Â� ,R3 ¤¢ Ã�÷ ø

u � v = u1v1 + u2v2 + u3v3 (6)

:À��îüõ �Öó� Rn ¤¢ �¤ Âþ¥ ÓþÂã� (6) ø (5) ýÂ±� ý�û�¤�±ä

� � ,u � v ,ü Ü¡�¢ �Â®Û¬�� ,v = (v1; : : : ; vn) ø u = (u1; : : : ; un) ý�Â � .Ó þÂ ã � (1-9)

:¢�ªüõ ÓþÂã� Âþ¥ �¤�¬

u � v = u1v1 + � � �+ unvn

:À÷�ªüõ �¹�µ÷ ë�ê ÓþÂã� ¥� üð¢�¨ �� �Þû Âþ¥ «��¡

üÜ¡�¢ �Â®Û¬�� üþ�Àµ�� «��¡ (2-9)

.u � v = v � u ,u; v 2 Rn Âû ý�Â� (1-2-9)

.(u+v)�w = (u�w)+(v �w) ø u�(v+w) = (u�v)+(u�w) ,u; v; w 2 Rn Âû ý�Â� (2-2-9)
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.u � (rv) = r(u � v) ø (ru) � v = r(u � v) ,r 2 R Âû ø u; v 2 Rn Âû ý�Â� (3-2-9)

.u = 0 Âð� �ú�� ø Âð� u � u = 0 ø u � u � 0 ,u 2 Rn Âû ý�Â� (4-2-9)

:Ý��îüõ ÓþÂã� Âþ¥ �¤�¬ �� �¤ u 2 Rn ñ�Ï ,(2) ¥� ô�úó� �� ø (4-2-9) �� ���� ��

juj = p
u � u (7)

Ã�÷ ÕÜÎõ¤Àì ø ôÂ÷ ý�û��Î¬� ,ñ�Ï Â� ùø�ä ,jujý�Â� .´¨� 0 ,ÂÔ¬ ñ�Ï ý�¤�¢ üþ�� ��n �ú��

.À�û¢üõ Çþ�Þ÷ kuk �� �¤ juj üÌã� .¢ø¤üõ ¤�î��

ö���ÞÏ� Àþ�� ¤�î ßþ� ý�Â� .Ý��î ÓþÂã� (4) À�÷�Þû Ã�÷ �¤ v ø u ß�� �b þø�¥ ô�úÔõ Ý�û��¡üõ ö��î�

.¢¤�¢ ¤�Âì [�1;1] ùb¥�� ¤¢ ù¤��Þû u�vp
u�upv�v �¤�±ä ¤�ÀÖõ ,Rn ¤¢ ùÀª ���¤� ÓþÂã� �� �î ¢Âî Û¬��

:u; v 2 Rn Âû ý�Â� Ã�¤��ª ��üª�î ýø�Æõ�÷ (3-9)

ju � vj � jujjvj

.Àª�� üÎ¡ �b µÆ��ø fu; vg �î ´¨� ßþ� ýø�Æ� ý¤�ÂìÂ� ý�Â� üê�î ø ô¥� üÏÂª ùø�ä ��

ÂÔ¬ v ø u ¥� üØþ Âð� .´¨� üÎ¡ �b µÆ��ø fu; vg �î ÀþÂ�Ú� ÂÑ÷ ¤¢ �¤ üµó�� ´Æ¿÷ .��±��

.r °¨��õ üÖ�Ö� ¢Àä ý�Â� v = ru �¤�¬ ßþ� Â�è ¤¢ ,¢�ªüõ ÂÔ¬ ��� ýø�Æõ�÷ éÂÏ ø¢ �îÀª��

À��î ­Âê ñ�� .´¨� ¤�ÂìÂ� ýø�Æ� ø ¢�ªüõ ÛþÀ±� jrjjuj2 �� ýø�Æõ�÷ éÂÏ ø¢ Âû �¤�¬ ßþ� ¤¢

.ÀþÂ�Ú� ÂÑ÷ ¤¢ �¤ ,x 2 R ,xu + v üþ�� ��n .v 6= 0 ø u 6= 0É¡��� ,´¨� üÎ¡ ÛÖµÆõ fu; vg

:Å� .¢�ªüõ ¢�¹þ� üÎ¡ üÚµÆ��ø ø v = �xu �¤�¬ ßþ� Â�è ¤¢ �Âþ¥ xu + v 6= 0 Ýþ¤�¢

(xu+ v) � (xu+ v) > 0 (4-2-9 Õ±Ï)

(xu) � (xu) + (xu) � v + v � (xu) + (v � v) > 0 (2-2-9 ¥� ¤ÂØõ ù¢�Ôµ¨� ��)

(u � u)x2 + 2(u � v)x+ (v � v) (1-2-9 ø 3-2-9 ¥� ¤ÂØõ ù¢�Ôµ¨� ��)

:´¨� üÔ�õ �¤�±ä ß�±õ Å� ,´¨� ¤�ÂìÂ� x üÖ�Ö� ¢Àä Âû ý�Â� x �� ´±Æ÷ ôø¢ �b�¤¢ ýø�Æõ�÷ ßþ�

(u � v)2 � (u � u)(v � v) < 0
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�þ

ju � vj2 < juj2jvj2

2 .´¨� ÂÑ÷ ¢¤�õ ýø�Æõ�÷ �î

Ýþ¤�¢ ùÀª ´±� ýø�Æõ�÷ �� ���� �� ñ��

�1 � u � vp
u � upv � v =

u � v
jujjvj � 1

:Ý�õ�÷üõ v ø u ß�� �b þø�¥ ´¨� u�vp
u�upv�v Â��Â� ö� §���Æî �î [0; �] ¤¢ âì�ø ¤�ÀÖõ �÷�Úþ ø

](u; v) = cos�1
u � vp

u � upv � v (8)

:¢�ªüõ �¹�µ÷ Å�¤��ª ��üª�î ýø�Æõ�÷ ¥� ,´¨� �¨À�û ý�þ�Ìì ßþÂ�üþ�Àµ�� ¥� �î Âþ¥ �b �Ìì

u; v 2 Rn Âû ý�Â�¶Ü·õ ýø�Æõ�÷ (4-9)

ju+ vj � juj+ jvj

.Àª�� ýÂÚþ¢ ¥� üÔ�õ�÷ ü�ÂÌõ v ø u ¥� üØþ �î ´¨� ßþ� ýø�Æ� ý¤�ÂìÂ� ý�Â� üê�î ø ô¥� ¯Âª

:ü�ãþ ,¢�ª ´��� éÂÏ ø¢ ¤øÁ¹õ ý�Â� ýø�Æõ�÷ ´¨� üê�î .��±��

ju+ vj2 � juj2 + jvj2 +2jujjvj

�� ´¨� ñ¢�ãõ �î

(u+ v) � (u+ v) � (u � u) + (v � v) + 2jujjvj

:ö¢Âî ù¢�¨ ¥� Å� ø

u � v � jujjvj

jujjvj cos](u; v) � jujjvj (Å�¤��ª ��üª�î ýø�Æõ�÷ �¹�µ÷ Õ±Ï)
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ø ,¢�ªüõ ¤�ÂìÂ� ýø�Æ� (´¨� ýÂÚþ¢ ¥� ÂÔ¬ �ÂÌõ üØþ �¤�¬ ßþ� ¤¢ �î) Àª�� ÂÔ¬ v ø u Âð�

:�� ´¨� ñ¢�ãõ ��� �bÎ��¤ ,À�ª�� ÂÔ¬�÷ ø¢ Âû Âð�

cos](u; v) � 1

ø �µ¨�ÂÞû v ø u ü�ãþ ,cos](u; v) = 1 �î ¢�ªüõ Û¬�� ü�¤�¬ ¤¢ ýø�Æ� .´¨� ¤�ÂìÂ� ù¤��Þû �î

2 .À�ª�� ´ú�Ýû

�î ü�¤�¬ ¤¢ ´¨� ¢�Þä v Â � u Ý� þ�ðüõ ø ,u ? v Ý�Æþ� ÷üõ Rn ¥� v ø u ÂÊ�ä ø¢ ý�Â �

ùÀª Âî£ �b þø�¥ ø ñ�Ï Óþ¤�ã� �� Rn ¤¢ ´¨� ü¨À�Üì� �b ¨À�û �b þ�� �î §¤�è�·�ê �b �Ìì .u � v = 0

:´¨� ¤�ÂìÂ�

:ù�Ú÷� ,u ? v Ý�ª�� �µª�¢ u; v 2 Rn ý�Â� ù�ðÂû .§¤�è�·�ê ��Ìì (5-9)

ju+ vj2 = juj2 + jvj2

�¤�¬ �� ö���üõ �¤ ��� �¤�±ä .��±��

(u+ v) � (u+ v) = (u � u) + (v � v)

2 .´¨� ¤�ÂìÂ� u � v = 0 �� ���� �� �î ´ª�÷

ju � vj2 = juj2 + jvj2 �b Î��¤ ,(v ý�� �� �v ü�þÃÚþ�� �þ) ñ�Àµ¨� ß�Þû �� �î À��î ����

Û Ø ª � � §¤� è� · � ê �b � Ì ì ,R2 À � ÷� õ ,Ã � ÷ Rn ¤¢ .´ ¨� ¤�Â ìÂ � u � v = 0 ­Â ê ´½ � Ã � ÷

:´ª�÷ Âþ¥ ÛØª �� ö���üõ �î ´¨� §���Æî ùbÀä�ì «�¡ ´ó�� ju � vj2 = juj2 + jvj2

ju� vj2 = juj2 + jvj2 �2jujjvj cos](u; v) v 6= 0; u 6= 0 Âû ý�Â� (9)
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:Àþ�üõ ´¨¢�� (8) ¥� ù¢�Ôµ¨� �� ��� �b ±¨�½õ ���Èõ ý��±¨�½õ ¥� Ã�÷ ßþ�
ju� vj2 = (u� v) � (u� v)

= juj2 + jvj2 �2(u � v)

= juj2 + jvj2 �2jujjvj cos](u; v) ((8) Õ±Ï)
�î ,y ¥� x �b Ü¬�ê ,À�ª�� Rn ÂÊ�ä ø¢ y = (y1; : : : ; yn) ø x = (x1; : : : ; xn) ù�ðÂû ,üÜî ¤�Ï ��

�û¤�¢Â� ¥� �»÷� �� ÓþÂã� ßþ� .¢�ªüõ ÓþÂã� jx� yj Â��Â� ,¢�ªüõ ù¢�¢ Çþ�Þ÷ d(x; y) �� üû�ð

�� ÓþÂã� ßþ� �� ���� �� Ý�÷���üõ �¤ Â�¡� ü¨À�û ý�û��Ìì .´¨� ¤�ð¥�¨ Ý�÷�¢üõ R3 ø R2 ¤¢

:Ý��î ���¤� Ã�÷ ýÂ���ª� ý�û�¤�¬

:Rn ¤¢ x; y; z ý�Â� .¶Ü·õ ýø�Æõ�÷ (6-9)

jy � zj � jy � xj+ jx� zj

:ù�Ú÷� ,(x � y) ? (x� z) Ý�ª�� �µª�¢ Rn ¤¢ x; y; z ý�Â� ù�ðÂû .�¤�è�·�ê �b �Ìì (7-9)

jy � zj2 = jy � xj2 + jz � xj2

:Ýþ¤�¢ Rn ¤¢ x; y; z Âû ý�Â� .§���Æî ùbÀä�ì (8-9)

jy � zj2 = jy � xj2 + jz � xj2 �2jy � xjjz � xj cos](y � x; z � x)

ø u = y � x À�Æþ��� (6-9) ¤¢ .Àþ�üõ ´¨¢�� ÂÒ��µõ �b Î��¤ ¤¢ ü�þÃÚþ�� �� Í��ø¤ ßþ� ¥� ×þ Âû

,v = z � x ø u = y � x Ý�Æþ�÷üõ ,(8-9) ø (7-9) ¢¤�õ ¤¢ .u+ v = y � z ù�Ú÷� ,v = x� z

.u � v = y � z ù�Ú÷�

�b ±¨�½õ R3 ø R2 ¤¢ üÜ¡�¢ �Â® Ýúõ ù¢�Ôµ¨� ¢¤��õ ¥� üØþ .�µ¨�¤ ×þ ýø¤ Ý��ì Âþ�Ê� (9-9)

.(1 ÛØª) ¢¤ø�üõ ÀþÀ� ÂÚþ¢ ÂÔ¬�÷ ¤�¢Â� ×þ �î ´¨� üþ�µ¨�¤ ýø¤ ¤�¢Â� ×þ Ý��ì Âþ�Ê�
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v

O

u

u
0

u

u
0

1 ÛØª

Â ��Â � ö� ñ� Ï � î ´ ¨� ý¤�¢Â � ,v ý� µ ¨�¤ Â � u Ý �� ì Â þ�Ê � ,u0 ,À � ª� � R3 ¤¢ u ø v 6= 0 Â ð�

�b þø�¥ �î À��Âû ¢�ªüõ �µêÂð ÂÑ÷ ¤¢ ÂÔ¬ Â��Â� ñ�Ï ßþ� ,u= 0 �î üµó�� ¤¢) ´¨� jujj cos](u; v)j

�b þø�¥ §���Æî ´õ�ä �� r´õ�ä ø ,u0 = ru ,´¨� v ¥� ü�ÂÌõ u0 ,(´¨� ùÀÈ÷ ÓþÂã� u; v ß��

:´ª�÷ ö���üõ ,Àª�� v ´ú� ¤¢ À��ø ¤�¢Â� v

juj Âð� °��Â� ßþÀ� .´¨� üØþ v ø u ß��

u0 = juj cos](u; v) vjvj (10)

:�f ¢�ãõ �þ

u0 =
u � v
jvj2 v (11)

Â� u Ý��ì Âþ�Ê� Ý�÷���üõ ,À÷¤�¢ ü�ãõ Rn ¤¢ �Þû(11) ´¨�¤ ´Þ¨ ý�û�¤�±ä �î ßþ� �� ���� ��

:Àª�� À��ø ¤�¢Â� ×þ v �î ü¬�¡ ´ó�� ¤¢ .Ý��î ÓþÂã� (11) �¤�¬ �� Ã�÷ �¤ Rn ¤¢ v 6= 0

jvj = 1 Âð� u0 = (u � v)v (12)

� � ö�� �üõ �¤ x = (x1; : : : ; xn) Âû .À þÂ �Ú � ÂÑ ÷ ¤¢ �¤ e1; : : : ; en ü�ã þ ,Rn ñø�À µ õ �b þ� � .ñ� · õ

:�¤�¬

x = x1e1 + � � �+ xnen
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:´¨� (ô� i ¤�½õ) ei ý�µ¨�¤ Â� x Ý��ì Âþ�Ê� xiei âì�ø ¤¢ .´ª�÷

(x � ei)ei = xiei

:´ª�÷ ö���üõ Å�

x =
nX

i=1

(x � ei)ei (13)

.Ý��îüõ ü¨¤Â� �¤ Çþ�Þ÷ ßþ� Â�üÜî ´ó�� Àã� �bÆÜ� ¤¢
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