
ýÀã� ��n üÖ�Ö� ý�Ìê

ÍÜµ¿õ ¢�Àä� �� üª¤�Þª ¼�½¬ ¢�Àä� ¥� ö� ñ�½� ø ¢Àä ô�úÔõ Â� ý¤øÂõ §¤¢ Û±ì ��ÆÜ� ¤¢

¥� Â±� ø ��Æ� ô�Üä .´¨� ùÀª ��� \�Ìê" ø \¢Àä" ü¨�¨� ßî¤ ø¢ Â� ×�¨�î ���®�þ¤ .Ý�µª�¢

.´¨� �Ìê ¤¢ ¢���õ ô�Æ�� ø ñ�Øª� ø �Ìê ÝÜä ,ö� üµ�¨ ô�úÔõ �� ,�¨À�û ø À÷Â�ðüõ ��bÈ÷ ¢Àä

,ü¨À�û ýÂÚþ¢ ø ,ý¢Àä ��ýÂ±� üØþ ,ü®�þ¤ Ãþ�Þµõ ¢¤�¡Â� ø¢ ùÀþÀ� ×þ �� ö���üõ ��ìø� ý¤��Æ�

Ã�÷ üû�ð �î ¢�ªüõ ���¤� ���Èõ Û��Æõ Û� ý�Â� üÜî ���¤�� ×þ °Üè� ýÂ±� ¢¤�¡Â� ¤¢ .´ª�¢

¤¢ .¢�ªüõ Û��Æõ �÷�ðßþ� Û� ý�Â� ý�ùÂ�¹÷¥ ÛÞãó�¤�µ¨¢ �þ Ýµþ ¤�Úó� ×þ ßµ¡�¨ Ýû�Âê �� Â¹�õ

ß�� ¢���õ Í��ø¤ â�Þ� �î ´¨� ßþ� Â� üã¨ ,¢¤�¢ ö�Æ÷� ùbÂ¬�� ýøÂ�÷ ¤¢ �Èþ¤ �î ,ü¨À�û ¢¤�¡Â�

ßþ� ¥� �ó�bÆõ Û� ø ùÀª üþ�¨��ª �µÆ�Â� ���¬�Ê¡ ,¢Â�ð ¤�Âì ü¨¤Â� ¢¤�õ �¹Øþ ùÀþÀ� ×þ ��Ã��

:Ýþ¥�¢Â�üõ üþ�Àµ�� ñ�·õ ø¢ Âî£ �� .¢�ª ¤�ÀþÀ� ��Àû�Èõ

¤øÁ¹õ ×þ ¢�ª áøÂª 1 ¥� �î üó��µõ ¢Âê ¢Àä ¢�Àã� Âû á�Þ¹õ Ý��î ´��� Ý�û��¡üõ .1 ñ�·õ

:âì�ø ¤¢ .´¨� Ûõ�î

1+ 3+ 5+ � � �+ (2n� 1) = n2 (1)

Âð� ø ´¨� ¼�½¬ n = 1 ý�Â� ÝØ� .´¨� ��ÂÖµ¨� �ä¢� ßþ� ��±�� ý�Â� ý¢Àä ��ýÂ±� ©ø¤ ×þ

:´¨� ¤�ÂìÂ� Ã�÷ (n + 1) ý�Â� Ý�û¢üõ ö�È÷ ,´¨� ¤�ÂìÂ� n ý�Â� (1) Ý��î ­Âê

1+ 3+ 5+ � � �+ (2n� 1) + (2n+ 1) = n2 + (2n+ 1) = (n+ 1)2

.À¨¤üõ ��±�� �� ÝØ� ø
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�¤�¬ �� ¢Âê ¢�Àä� �î À��î ���� .¢�ªüõ ùÀþ¢ 1 ÛØª ¤¢ ÝØ� ß�Þû �� ü¨À�û ¢¤�¡Â�

:Àþ�üõ ÀþÀ� n âÜ® �� â�Âõ ×þ ù¤��Þû ø À÷�ªüõ ù¢øÃê� ß�þ�� ²� �bª�ð ¥� üþ�û�þ�

1 ÛØª

:Ý��î ¶½� Âþ¥ üó�ú¹õ ø¢ �b ó¢�ãõ ø¢ ù�Úµ¨¢ ý�û���� ¢�Àã� ¢¤�õ ¤¢ Ý�û��¡üõ.2 ñ�·õ
8><
>:

x2 + y2 = 2

x2 + y2 + x+ y = 4

(2)

y = 2� x Âð� .x+ y = 2 Ýþ¤�¢ �Î��¤ ø¢ ÕþÂÔ� �� .Ý��îüõ ü¨¤Â� ýÂ±� ù�ðÀþ¢ ¥� �¤ �ó�bÆõ ´Æ¿÷

Å� ,x2 � 2x+ 1 = 0 �þ 2x2 � 4x + 2 = 0 �î ¢�ªüõ �¹�µ÷ Ý��î ßþÃÚþ�� ñø� �b ó¢�ãõ ¤¢ �¤

ëÀ¬ ôø¢ �ó¢�ãõ ¤¢ y = 1 ���� ÍÖê üóø y = �1 Ýþ¤�¢ ñø� �b ó¢�ãõ ¤¢ ü� þÃÚþ�� � � .x = 1

�ó�bÆõ ßþ� ü¨¤Â� ý�Â� ü¨À�û ù�ðÀþ¢ ×þ .´¨� (x; y) = (1;1) �ó�bÆõ ���� �ú�� Å� ,À�îüõ

üÆþ�÷¥�� Âþ¥ �¤�¬ �� �¤ ù�Úµ¨¢ .Àª�� xy �½Ô¬ ¤¢ �ó¢�ãõ ø¢ ü¨À�û ö�Øõ �� ���� À÷���üõ

:Ý��îüõ8><
>:

x2 + y2 = 2

(x+ 1

2
)2 + (y + 1

2
)2 = 9

2

á�ãª �� ùÂþ�¢ ×þ ôø¢ �ó¢�ãõ ø Àû¢üõ Çþ�Þ÷ �¤ (0;0) ÃîÂõ ��
p
2 á�ãª �� ý�ùÂþ�¢ ñø� �ó¢�ãõ

ùbÂþ�¢ �b ÎÖ÷ ßþÂ�¤ø¢ Å� ,´¨�
p
2

2
Â��Â� �ûùÂþ�¢ ÃîÂõ �Ü¬�ê �î Ý��îüõ ���� .(1

2
;�1

2
) ÃîÂõ �� 3

2

p
2

ø À�µÆû §�Þõ Ýû Â� ùÂþ�¢ ø¢ �î ßþ� �¹�µ÷ .´¨� 3
2

p
2 �b Ü¬�ê �� (1;1) �bÎÖ÷ ôø¢ ùbÂþ�¢ ÃîÂõ ¥� ñø�

.´¨� �ó�bÆõ ���� �ú�� �î Àª��üõ (1;1) §�Þ� �bÎÖ÷
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(1;1)

2 ÛØª

ý�û¤�Ñ�õ �� ���ÜÞä ßþ� ßØ�ó ,Àª ô�¹÷� ýÂ±� ���ÜÞä Ã�÷ ü¨À�û Û� ù�¤ ¤¢ À��Âû �î À��î ����

ý�Â� .¢Âîüõ ��Öó� ü¨À�û ý�ûö�Øõ ¤øÀõ ÛØª ´¡��ª Â� ü�µ±õ ü¨À�û ù�ðÀþ¢ �î À÷¢�� ü¬�¡

ñø� ùbÂþ�¢ �b ÎÖ÷ (ßþÂµØþ¢Ã÷) ßþÂ�¤ø¢ �Ü¬�ê �� ôø¢ ùbÂþ�¢ á�ãª ñ�Ï �bÆþ�Öõ �î üµìø �þ §�÷�bõ�÷ ñ�Øª�

¤øÀÖõ ü¨À�û ù�ðÀþ¢ �î ��Âû üóø ,´¨� ÂþÁ��÷���µ�� ýÂ±� Û�Ü½� ,Àª�±÷ ö�¨� ôø¢ ùbÂþ�¢ ÃîÂõ ��

.¢�ªüõ ¢�¹þ� �ó�bÆõ üÜ¬� ��Ø÷ �� ´±Æ÷ ùÀ��îßªø¤ Ç��� ×þ �f �Þãõ ,Àª��

ü¨¤Â� �î ´¨� 2 �¹�þ� ¤¢ �ó�bÆõ ý�ûÂ�çµõ ¢�Àã� �î ßþ� ��� �ó�bÆõ ¢¤�õ ¤¢ ÂÚþ¢ Ýúõ �µØ÷

ü¨À�û ÝÆ¹� ¥� ö���üõ Ã�÷ ýÂ�çµõ �¨ Û��Æõ ý�Â� .¢¥�¨üõ ßØÞõ xy �b ½Ô¬ ¤¢ �¤ ö� ü¨À�û

�î ´¨� 3 ¥� Ç�� Û¡¢ ý£ ý�ûÂ�çµõ ¢�Àã� ,ý¢Â�¤�î ø ü®�þ¤ Û��Æõ ý¤��Æ� ¤¢ �õ� .´Æ� ùÂú�

º�û ýÀã� �¨ ¢���õ ö���ä �� ö�Æ÷� �î �Âþ¥ ´¨� ü¨À�û ù�ðÀþ¢ ���¤� ù�¤ ¤¢ ÂþÁ��÷ù¤�� üã÷�õ �fÂû�Ò

�b ÆÜ� À�� ø �ÆÜ� ßþ� ¤¢ �õ Ýúõ éÀû ×þ .¢¤�À÷ �¨ ¥� Â���� ¢�ã�� ¥� Ý�ÖµÆõ üî�¤¢� ´ª�¢Â� �÷�ð

¢øÀ½õ 3 ýø�Æõ �þ ÂµØ��î ¢�Àä� �� n ö� ¤¢ �î ´¨� ýÀã� ��n �¨À�û üä�÷ ö¢¤ø� Ýû�Âê ùÀ�þ�

3 ø 2 ¢�ã�� ý�Âê ü¨À�û ¢�úª Ý�Þã� ý�Â� °¨��õ ü®�þ¤ ö��¥ ×þ ö���üõ �¤ �¨À�û ßþ� .Àª�±÷

Û��Æõ Û� ý�Â� °¨��õ ©ø¤ ßµê�þ �� ü®�þ¤ ÂØÔ� ö¢�¢ ë�¨ ¤¢ ùÂ¬�� ýøÂ�÷ À�÷�Þû �î ¢Âî üÖÜ�

×þ �ØÜ� ,´Æ�÷ �ÂÎõ ýÀã� ��n ý�Ìê üØþÃ�ê \¢��ø"ý�Â� üþ�ä¢� �÷�ðº�û �¹�þ� ¤¢ .´¨� ¥�¨¤�î

¤¢ ,ý¥�¹õ À��Âû ,¢�úª ø ÝÆ¹� üä�÷ ý�Â� ü±¨��õ ÂµÆ� �î Àª Àû��¡ �ÂÎõ ü®�þ¤ Õ�ì¢ ô�Ñ÷

.´¨� 3 ¥� Â���� ¢�ã��
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�î ÝþÀþ¢ .´¨� üÜ�Ü½� �b ¨À�û ¤¢ �¨À�û ø Â±� ¯�±�¤� ýÀã� ��ný�Ìê ßµ¡�¨ ý�Â� �õ ¢�Þ�û¤

¤¢ ü�ãþ ,¢�ªüõ ¥�è� �ûÍ¡ù¤�� �� (\ñ�Ï"ü�ãþ) ¢Àä ×þ ö¢�¢ ´±Æ÷ ¥� �¨À�û ø Â±� ¯�±�¤� ß�óø�

×þ ¯�Ö÷ ,üÜ�Ü½� �b ¨À�û ¤¢ .R ,üÖ�Ö� ¢�Àä� �b ä�Þ¹õ �� ´¨�¤ Í¡ ×þ ¯�Ö÷ ö¢�¢ ¤�Âì ÂÒ���

¢�Àä� °�Âõ ý�ûüþ���¨ �� �Ìê ¯�Ö÷ ø ,R2 Â¬��ä ü�ãþ ,üÖ�Ö� ¢�Àä� °�Âõ ý�û�ø¥ �� �½Ô¬

¢��ø �õ ßû£ ¤¢ ÂÚþÀØþ ¥� ÛÖµÆõ �¨À�û ø Â±� �¹�þ� �� .À÷�ªüõ �¤Àõ ,R3 Â¬��ä ü�ãþ ,üÖ�Ö�

ü�ãõ üÖ�Ö� ¢�Àä� °�Âõ ý�ûüþ�� ��n ,n � 4 ý�Â� .´¨� üÏ�±�¤� Û� ×þ üÜ�Ü½� �b ¨À�û ø À÷¤�¢

Ý�û�Ôõ ë�ê ¯�±�¤� ¥� ßµêÂð ô�úó� �� .Ý�¨��ªüÞ÷ ýÀã� �¨ ý¢�ä ý�Ìê ý�Âê ý��¨À�û üóø À÷¤�¢

°��Â� ßþ� �� .Ý��îüõ ÓþÂã� ,üÖ�Ö� ¢�Àä� °�Âõ ý�ûüþ�� ��n �b ä�Þ¹õ ü�ãþ ,Rn ý�Â� �¤ ü¨À�û

.¢�ªüõ ��� Rn ¤¢ �¨À�û üä�÷

ü ®� þ¤ �� � ª� ü � ã þ ,ü Ö � Ö � ¢�À ä� ° �Â õ ý� ûü þ� � n �b ä� Þ ¹ õ ,Rn ,� õÀ Ö õ ß þ� � �

R
n �b Î Ö ÷ ×þ �¤ x ß � � � Â û ø Ý þÂ � ðü õ Â Ñ ÷ ¤¢ �¤ ,ü Ö � Ö � ¢À ä :xi Â û ,x = (x1; : : : ; xn)

ý�Â� .Ý� �îüõ ÓþÂã � R3 ø R2 ¤¢ �û¤�¢Â� âÞ� ���Èõ Rn ¤¢ âÞ� ÛÞä ×þ ´Æ¿÷ .Ý�õ�÷üõ

:¢�ªüõ ÓþÂã� Âþ¥ �¤�¬ �� x + y ,y = (y1; : : : ; yn) ø x = (x1; : : : ; xn)

x+ y = (x1 + y1; : : : ; xn + yn) (3)

âÞ�«��¡ (1-6)

.x+ y = y + x :(üþ�¹���) ýÂþÁ�Ëþ�ã� ´�¬�¡ (1-1-6)

.(x+ y) + z = x+ (y + z) ýÂþÁ�´îÂª ´�¬�¡ (2-1-6)

:´¨� Âþ¥ üðÄþø ý�¤�¢ (ÂÊ�ä �÷�Úþ) 0 = (0; : : : ;0) üþ�� n :Â��ü� ÂÊ�ä (3-1-6)

x+ 0 = 0+ x = x

�¤�¬ �� �î \�x" üþ�� n ,x = (x1; : : : ; xn) ùÀª ù¢�¢ üþ�� n ý�Â� :��þÂì ÂÊ�ä (4-1-6)
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:´¨� Âþ¥ üðÄþø ý�¤�¢ (ÂÊ�ä �÷�Úþ) ¢�ªüõ ÓþÂã� �x = (�x1; : : : ;�xn)

x+ (�x) = (�x) + x = 0

.À÷�ªüõ �¹�µ÷ ÓþÂã� ¥� üð¢�¨ �� �Þû ë�ê «��¡

�� Âð� .À÷�ùÀª �µêÂðÂ� ýÀã� �¨ ø ýÀã� ø¢ ´ó�� ¥� �f��ä ��� «��¡ ø �ûüþ�� n âÞ� ÓþÂã�

,Ý��î ��Æ�õ �¤ ¯�Ö÷ ßþ� �� 0 ¥� âÏ�¨ ý�û¤�¢Â� ,R3 ¤¢ y = (y1; y2; y3) ø x = (x1; x2; x3)¯�Ö÷

ö� ÂÚþ¢ §�b¤ �¨ �î üä�®��ý¥��µõ ô¤�ú� §�b¤ ü�ãþ ¢¤�¢ �¤ ñ�Þãõ ý¤�¢Â� á�Þ¹õ ô�úÔõ x+ y

.À�µÆû y ø x ,0 ¯�Ö÷

O

x

y

x+ y

3 ÛØª

ùÀª ÓþÂã� Ã�÷ ¤�¢Â� ¤¢ üÖ�Ö� ¢Àä ×þ �Â®Û¬�� ýÀã� �¨ ý�Ìê ø �½Ô¬ ¤¢ �û¤�¢Â� ý�Â�

,r 2 RüÖ�Ö� ¢Àä ø x = (x1; : : : ; xn) �bÎÖ÷ ý�Â� .¢Âî ÓþÂã� Ã�÷ Rn ¤¢ ö���üõ �¤ ÛÞä ßþ� .´¨�

:¢�ªüõ ÓþÂã� Âþ¥ �¤�¬ �� rx �bÎÖ÷

rx = (rx1; : : : ; rxn) (4)

Âð� .Ý��îüõ ý¤ø�¢�þ �¤ R3 ø R2 ¤¢ ÛÞä ßþ� Â�±ã� .À÷�ªüõ �Â® r ¤¢ x ý�û�Ôó�b õ �b Þû ü�ãþ

�� ´ú¹Þû Àª�� ´±·õ r Âð� �î ´¨�µ¨�¤ ö�Þû ¤¢ ý¤�¢Â� rx ,ÝþÂ�Ú� ÂÑ÷ ¤¢ �¤ x �� 0 ¥� Û¬�ø ¤�¢Â�

´¨� Û��Öõ ´ú� ¤¢ Àª�� üÔ�õ r Âð� ø x
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x

rx; r < 0

rx; r > 0

4 ÛØª

ô�Ø�� ßþ� �b Þû .Ý��îüõ ´±� âÞ� ÛÞä �� ö� ¯�±�¤� ø ¢�Àä� ¤¢ �Â® ¢¤�õ ¤¢ �¤ Âþ¥ üþ�Àµ�� «��¡

:À�µÆû ÓþÂã� ´¨�¤Â¨ �b¹�µ÷

¢�Àä� ¤¢ �Â®«��¡ (2-6)

.1x = x ,x �bÎÖ÷ Âû ý�Â� (1-2-6)

.(rs)x = r(sx) ,�ÎÖ÷ ×þ x ø À�ª�� üÖ�Ö� ¢�Àä� r; s Âð� (2-2-6)

.(r + s)x = (rx) + (sx) ,�ÎÖ÷ ×þ x ø À�ª�� üÖ�Ö� ¢�Àä� r; s Âð� (3-2-6)

.r(x+ y) = (rx) + (ry) ,�ÎÖ÷ ø¢ x; y ø Àª�� üÖ�Ö� ¢Àä r Âð� (4-2-6)

ü¨À�û ô�úÔõ ßþÂ�ù¢�¨ .Ý��î ù¢��� Rn ¤¢ �¤ �¨À�û Ý�û�Ôõ Ý�µÆû ù¢�õ� ö��î� Óþ¤�ã� ßþ� ��

ýÀã� �¨ ø ýÀã� ø¢ üÜ�Ü½� �b ¨À�û ¤¢ ´¨�¤ Í¡ ÓþÂã� ý�Â� .´¨� \´¨�¤ Í¡" ,�ÎÖ÷ ¥� Å�

¤¢ �Â® ø ¯�Ö÷ âÞ� Ý�û�Ôõ �fêÂ¬ �� ö��µ� �î Ý�û¢ ¤�Âì ��±õ �¤ üÔþÂã� Àþ�� .´Æû ö�ð�÷�ð ý�ûù�¤

�¤ ÓþÂã� ö�Þû À÷¤�¢ ü�ãõ Rn ¤¢ Ý�û�Ôõ ßþ� ö�� �¤�¬ ßþ� ¤¢ ,¢Âî ö��� �¤ ö� üÖ�Ö� ¢Àä ×þ

.´êÂð ÂÑ÷ ¤¢ R3 ø R2 ¤¢ ö���üõ �¤ ´¨�¤ Í¡ ¥� üÔþÂã� ß��� .¢Âî £�¿�� Rn ¤¢ ö���üõ

A ø �ÎÖ÷ ×þ �¤�¬ �� �¤ a .A 6= 0 �î ý¤�Ï �� À�ª�� R3 �þ R2 ¤¢ �ÎÖ÷ ø¢ A ø a À��î ­Âê

A üÖ�Ö� �¤�Ìõ ´¨� ùÀª ­Âê A 6= 0 ö�� .À��î ¤�Ê� (�bÀ±õ ¥� âÏ�¨) ¤�¢Â� ×þ �¤�¬ �� �¤

�µ¨�¤ ßþ� ý¥��õ ø ¢¤Áðüõ a ¥� �î ÀþÂ�Ú� ÂÑ÷ ¤¢ �¤ üµ¨�¤ Í¡ ñ�� .À��îüõ ÓþÂã� �µ¨�¤ ×þ

�¤�¬ �� �¤ ö� ö��µ� �î ´¨� ßþ� Àª�� Í¡ ßþ� ýø¤ �ÎÖ÷ ×þ �î ßþ� ý�Â� üê�î ø ô¥� ¯Âª .´¨�

.(5 ÛØª) ´ª�÷ ,t °¨��õ üÖ�Ö� ¢Àä ý�Â� ,a + tA
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O

a

A
tA

a+ tA

5 ÛØª

¤�î�� ,âÞ� ø üÖ�Ö� ¢Àä ¤¢ �Â® ,ùÀª Âî£ ÛÞä ø¢ ÍÖê ,a+ tA ÛØª �� Í¡ ßþ� ¯�Ö÷ ÓþÂã� ¤¢

.¢�¢¤�Âì Rn ¤¢ ´¨�¤ Í¡ ÓþÂã� ý��±õ �¤ ö� ö���üõ Å� ´¨� �µê¤

×þ Âþ¥ �b ä�Þ¹õ �¤�¬ ßþ� ¤¢ ,À�ª�� ùÀª ù¢�¢ ,A 6= 0 ,a; A 2 Rn À��î ­Âê ÓþÂã� (3-6)

:¢�ªüõ ùÀ÷��¡ Rn ¤¢ ´¨�¤ Í¡

ha;Ai = fa+ tA j t 2 Rg (5)

�î À��Âû Ý�õ�÷üõ Ã�÷ A ��¥��õ �� a ¥� �¤Áð ´¨�¤ Í¡ �f��Î¬� ��� �b õÀÖõ ´±¨��õ �� �¤ ha;Ai

Àþ�� ��� �bä�Þ¹õ ¥� x= (x1; : : : ; xn) �bÎÖ÷ Âû °��Â� ßþÀ� .´¨� ùÀÈ÷ ÓþÂã� \ý¥��õ" ô�úÔõ ¥��û

:Àª�� Âþ¥ ÛØª ��
x = a+ tA

(x1; : : : ; xn) = (a1; : : : ; an) + t(A1; : : : ; An)

= (a1 + tA; : : : ; an + tAn)

:´¨� Âþ¥ ÛØª �� x = (x1; : : : ; xn) ¯�Ö÷ ¥� ÛØÈµõ ha;Ai ´¨�¤ Í¡ ,ùÀª ù¢�¢ A ø a ý�Â� Å�
8>>>>><
>>>>>:

x1 = a1 + tA1

...

xn = an + tAn

(6)
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Ã�÷ ha;Ai´¨�¤ Í¡ ýÂµõ�¤�� Çþ�Þ÷ �¤ (6) .À�îüõ £�¿�� �¤ üÖ�Ö� Âþ¢�Öõ �b Þû t �¹�þ� ¤¢ �î

ÂÒ��� ¤¢ ,¢ø¤üõ ¤�Ñµ÷� �î ¤�Ïö�Þû ,ùÀª ÓþÂã� ô�úÔõ �� ,´¨�¤ Í¡ Âû �î À��î ���� .À�õ�÷üõ

t ßþ� ø ,´¨� t �� ÂÒ��µõ ü�ãþ ,a+ tA ÛØª �� ,ha;Ai �b ÎÖ÷ Âû .´¨� üÖ�Ö� ¢�Àä� �� ×þ �� ×þ

�î ¢�ªüõ �¹�µ÷ éÂÏ ø¢ �� \�a" ö¢Âî âÞ� �� ,a+ tA = a+ t0A Âð� �î �Âþ¥ ´¨� ¢Âê �� ÂÊ½�õ

.t = t0 �þ t� t0 = 0 �fõøÃó ,´¨� ùÀª­Âê A 6= 0 ö�� ñ�� .(t� t0)A = 0 ø tA = t0A

:ÝþÂ�ðüõ ÂÑ÷ ¤¢ Âþ¥ ÛØª �� �¤ e1; : : : ; en ý�ûüþ�� n .(��Êµ¿õ ý�û¤�½õ) ñ�·õ

e1 = (1;0; : : : ;0) ; e2 = (0;1;0; : : : ;0) ; : : : ; en = (0; : : : ;0;1)

ñ�� .´¨� ÂÔ¬ Çþ�û�Ôó�bõ Âþ�¨ ø 1 ö� ô� i �Ôó�bõ �î ´¨� üþ�� n ö� ei °��Â� ßþÀ�

h0; eii = f(0; : : : ;0; t;0; : : : ;0) j t 2 Rg

ý�û¤�½õ ¢�Àã � .¢�ªüõ ùÀ÷��¡ xi ¤�½õ � þ ô� � �i ü��Êµ¿õ ¤�½õ �î ´¨� ´¨�¤ Í¡ ×þ

.´¨� n Â��Â� Rn ¤¢ ��Êµ¿õ

�� ø Ý�õ�÷üõ �bÀ±õ �� l �b µê� þ ñ�Öµ÷� �¤ h0;Ai´¨�¤ Í¡ ,Àª�� ´¨�¤ Í¡ ×þ l = ha;Ai Âð�

Ýþ¤�¢ .Ý�û¢üõ Çþ�Þ÷ Ã�÷ hAi �þ l0 ý�û¢�Þ÷

l0 = hAi = ftA j t 2 Rg

:Ýþ¤�¢ b 2 l Âû ø B 6= 0 �î B 2 l0 Âû ý�Â� .ù¤�Ãð (4-6)

hb;Bi = ha;Ai

,b 2 l Â ð� ø ,t0 6= 0 °¨� � õ üÖ � Ö� ¢Àä ý�Â � B = t0A Ý þ¤�¢ ,0 6= B 2 l0 Â ð� .�� ± ��

:Ýþ¤�¢ hb;Bi ¤¢ ,s 2 R ,b+ sB ÂÊ�ä Âû ý�Â� Å� ,t1 °¨��õ üÖ�Ö� ¢Àä ý�Â� b = a+ t1A

b+ sB = a+ t1A+ s(t0A) = a+ (t1 + st0)A
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t1 + st0 = t ö�� �ü õ ,Ý þÂ � Ú � Â Ñ ÷ ¤¢ a + tA ý�� Î Ö ÷ Â ð� ÅØ ã ó� � .hb;Bi � ha;Ai Å�

Å� .´¨� Õ Ü ã µ õ hb;Bi � � ha;Ai �b Î Ö ÷ Â û ø t0 6= 0 Ý þ�ù¢Â î ­Â ê ö� � ¢Â î Û� sý�Â � �¤

2 .hb;Bi = ha;Ai

�� À� �� �� Àª ÓþÂã� �î ü�¤�¬ �� \´¨�¤ Í¡" ô�úÔõ �î Ý��îüõ �ÂÎõ �¤ ñ��b ¨ ßþ� ñ��

¤¢ Rn ¤¢ ´¨�¤ Í¡ �î �¹÷� ¥� ?´¨� ×þ¢Ã÷ Ý�¨��ªüõ ýÀã� �¨ §�÷�bõ ý�Ìê ¤¢ �î üµ¨�¤ Í¡

«��¡ ö�Þû Ýþ¤�¢ ¤�Ñµ÷� ,´¨� a´��� ¤�¢Â� ×þ �b Ü�¨ø �� ´��� A×þ �¤�Ìõ �bÞû �b µê�þ ñ�Öµ÷� âì�ø

:Ý��îüõ ´��� �¤ üþ�Àµ�� ¤�Ñµ÷� ×þ �÷�Þ÷ ö���ä �� .À�ª�� ¤�ÂìÂ� ü¨�¨�

.À�Ö±Î�õ Ýû Â� ,À�ª�� �µª�¢ íÂµÈõ Ãþ�Þµõ �bÎÖ÷ ø¢ ´¨�¤ Í¡ ø¢ Âð� .ù¤�Ãð (5-6)

ø¢ Âû �� ÕÜãµõ �î �ÎÖ÷ ø¢ P 6= Q ø ,À�ª�� ´¨�¤ Í¡ ø¢ hb;Bi ø ha;Ai À��î ­Âê .��±��

,¢¤�¢ ¤�Â ì Í¡ ø¢ Âû ýø¤ P ö�� hb;Bi = hP ;Bi ø ha;Ai = hP ;Ai (4-6) Õ±Ï .´¨� Í¡

:Å�
°¨��õ t 2 Rý�Â� Q = P + tA

°¨��õ s 2 Rý�Â� Q = P + sB

�¹�µ÷ tA = sB ¥� ßþ�Â���� .P 6= Q Ýþ�ù¢Âî ­Âê �î �Âþ¥ t 6= 0 ø s 6= 0 �f�Þ® .tA = sB Å�

�� ¢�ªüõ Â��Â� ha;Ai = hp;Ai´¨�¤ Í¡ (4-6) Õ±Ï .´¨� A ¥� ÂÔ¬�÷ ü�ÂÌõ B �î ÝþÂ�ðüõ

2 .À¨¤üõ ��±�� �� ÝØ� ø ´¨� hb; Bi ö�Þû �î hp;Bi

�µê�þ ñ�Öµ÷� ø À�ª�� �µª�À÷ íÂµÈõ �b ÎÖ÷ �î ü�¤�¬ ¤¢ Ý�õ�÷üõ ý¥��õ �¤ l1; l2 ´¨�¤ Í¡ ø¢

ø¢ ý¥��� .´¨� l0 ý¥��õ l ,¢¤ÁÚ÷ 0 ¥� �î l Í¡ Âû ý�Â� ßþ�Â���� .l0
1
= l0

2
,Àª�� üØþ �bÀ±õ �� �ú÷�

.Ý�û¢üõ Çþ�Þ÷ l1kl2 �� �¤ l1; l2 Í¡

Âû Âð� .Àþ�üõ ´¨¢�� �¤�¬ ßþÀ� �î ´¨� ö¤�Öµõ Çþ�Þ÷ ´¨�¤ ¯�Î¡ ý�Â� ýÂÚþ¢ Çþ�Þ÷

:¢�ªüõ Û¬�� ,Ý�û¢ ¤�Âì Â��Â� �¤ ¸þ�µ÷ ù¢Âî Û� t ý�Â� �¤ (6) Í��ø¤ ¥� ×þ

x1 � a1
A1

=
x2 � a2

A2

= � � � = xn � an

An

(7)
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(7) ¤¢ �û Ai üÌã� öÀª ÂÔ¬ .À÷�ª ÂÔ¬ À�÷���üÞ÷ �û Ai �bÞû ,A 6= 0´¨� ùÀª­Âê �î �¹÷� ¥�

xi �î ´¨� ßþ� ü�ãõ �� Ai = 0 �î Ý����üõ Ý��î ù�Ú÷ (6) �� Âð� �ØÜ� ,´Æ�÷ ÂÔ¬ Â� Ý�ÆÖ� �b óÃ�õ ��

.Àª��üõ ai Â��Â� ù¤��Þû ø ´���

A ü�ãþ ,A = (A;0; : : : ;0)�¤�¬ ßþ� ¤¢ .A2 = � � � = An = 0 ø A1 6= 0 À��î ­Âê .ñ�·õ

.´¨� ö� ¢�¡ �þ ´¨� x1 ¤�½õ ý¥��õ �þ ha;Ai´¨�¤ Í¡ �î ßþ� �¹�µ÷ .´¨� x1 ¤�½õ �� ÕÜãµõ

ö� Â� Õ±Î�õ �þ xj ¤�½õ ý¥��õ ha;AiÍ¡ ,À�ª�� ÂÔ¬ �û Ai Âþ�¨ ø Aj 6= 0 Âð� °��Â� ß�Þû ��

.¢�� Àû��¡
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