(1)ýŘùÂČźœěùbÀäŚì

ŘďâŞŚŮøćřČîÂŮÕţÈõĆîťĺŘýŘùÂČźœěùbÀäŚìÛČÆœŘÂÔþćŠŚÆ§ýŚûĆČÌìSSþÂŮüĺŚĺŘěŘüØþ .ÝČĂîüõťŞŚŹøöŚČŞŘďĆČÌìSSþŘĆÆÜŻSSþŘďć.ÀĂîüõöŚČŞâŞŚŮøćýŚûÕţÈõřÆ§ÂŞ ĆbÎÖœŒþ b ø S üœøďćĆbÎÖœŒþ a ,T ⊂ Rm ,S ⊂ Rn ÀČĂîŋÂê.ýŘùÂČźœěùbÀäŚì(1-29) a ďć f ,f(a) = b ĆîýďĄÏĆŞÀœŘùÀłùćŘć g : T −→ Rp ø f : S −→ Rm ýŚûâŞŚŮ.ťĺŘ T üœøďć øťĺŘÂþÁŢÕţÈõ a ďć g ∘ f ŰďĄňSSþŘďć.ťĺŘÂþÁŢÕţÈõ b ďć g øÂþÁŢÕţÈõ

(D(g ∘ f))(a) = Dg(f(a)) ∘ Df(a) (1).ťĺŘÀČÔõĆČÌìŰďĄňćďĄõďćĳČőĄŮýćŘÀãŮ

(D(g ∘ f))(a) ø,R^p ĆŞ R^m ěŘüÎąâŞŚŮŒþ Dg(f(a)) ,R^m ĆŞ R^n ěŘüÎąâŞŚŮŒþ Df(a) (1

Dg(f(a)) ,m × n ÅþÂŮŚõŒþ Df(a) ,üÆþÂŮŚõÇþŚÞœďć.ťĺŘ R^p ĆŞ R^n ěŘüÎąâŞŚŮŒþ

ĆŞüÎąýŚûâŞŚŮřČîÂŮø,ťĺŘ p × n ÅþÂŮŚõŒþ (D(g ∘ f))(a) ø,p × m ÅþÂŮŚõŒþ.ćĄłüõÂûŚÒŕĄŞÂõýŚûÅþÂŮŚõŠÂőÛňŚ§ŰďĄň

ŒþÂûÀĂţÆûüÖČÖ§ďŘÀÖõýŘďŘćøýÂČçţõŒþâŞŚŮøćÂûĆî m = n = 1ťóŚ§ďć(2 ø,Dg(f(a)) : [g′(f(a))] ,Df(a) : [f ′(a)] ,ťĺŘ1 × 1ÅþÂŮŚõŒþëĄêýŚûÅþÂŮŚõěŘ1

:ťłĄœÂþěŰďĄňĆŞöŘĄŮüõŘď(1)ÅŢ,(D(g ∘ f))(a) = [(g ∘ f)′(a)]

(g ∘ f)^′(a) = g^′(f(a)) · f^′(a) (2).ťĺŘýÂČçţõŒþýŘùÂČźœěùbÀäŚìğĄœŚbõŰďĄňĆî

R^p ŕŚÖœ,y = (y1, . . ., y_m) ĆŞŘď R^m ŕŚÖœ,x = (x1, . . ., x_n) ĆŞŘď R^n ŕŚÖœ,üÜîťóŚ§ďć(3

:ťłĄœöŘĄŮüõŰďĄňSSþŘďć.ÝČûćüõÇþŚÞœ z = (z1, . . ., zp) ĆŞŘď (y1, . . ., ym) = f(x1, . . ., xn)_{(z}1_{, . . ., zp) = g(y}1_{, . . ., ym)} =⇒ (z1, . . ., zp) = (g ∘ f)(x1, . . ., xn) Dg(f(a)) : [ ∂z_i ∂y_j (f(a))] , Df(a) : [ ∂y_i ∂x_j (a)] , (D(g ∘ f))(a) : [ ∂z_i ∂x_j (a)]:ťĺŘöŚČŞÛŞŚìÂþěŰďĄňĆŞ(1)ÅŢ ∂z1∂x1 (a) · · · ∂z1∂xn (a). ._{∂zp∂x}1_{(a) · · · ∂zp∂xn (a)} _= ∂z1∂y1 (b) · · · ∂z1∂ym (b). ._{∂zp∂y}1_{(b) · · · ∂zp∂ym (b)} ∂y1∂x1 (a) · · · ∂y1∂xn (a). ._{∂ym∂x}1_{(a) · · · ∂ym∂xn (a)} (3) üţìø.ÝČÆþĄœüõ [ ∂z∂x] = [ ∂z∂y ][ ∂y∂x ] ŰďĄňĆŞüûŚðöÀœŚõćŚþĆŞýŘÂŞøSSþćŚÞœďĄÏĆŞĆî:ĆŞćĄłüõÛþÀśŮ(3)ñĄõÂê_{m = n =} 1_{dzdx(a) = dzdy (b) · dydx(a)} (4) .ťĺŘ(2)ěŘýÂÚþćŰďĄňĆî ÂþěŰďĄňĆŞ(3)šİéÂÏěŘ ∂zi∂xj (a) ĆbœĄÞœĆbþŘďć,ÅþÂŮŚõøćŠÂőÛňŚ§ôĄúÔõĆŞĆŻĄŮŚŞ(4:ćĄłüõĆśĺŚ¡õ ∂z_i ∂x_j (a) = ∂z_i ∂y1 (b) ·^{∂y}1∂xj (a) + · · · +^{∂zi}∂ym (b) ·^{∂ym}∂xj (a) (5)2

,m = n = 1ťóŚ§ďćĆîÀČĂîĆŻĄŮŘfćÀźõ.ćĄłüõĆţÔðýŘùÂČźœěùbÀäŚìÃČœ(5)ĆŞüûŚð ýŚûÂČçţõĆbÞû,xj ĆŞťśÆœ zi ÕţÈõĆbśĺŚ¡õýŘÂŞ,(5)ÕśÏ.ćĄłüõÛþĄ¡Ů(4)ĆŞ(5).ÀœĄłÛČąćÀĂœŘĄŮüõ,_y1_{, . . . , ym} üĂãþ,ĆÎĺŘø

:ÝþďŘćÕţÈõřÆ§ÂŞâŞŚŮĄÞœćďĄõďćüĂČÞ£ŮĆŞěŚČœýŘùÂČźœěùbÀäŚìŰŚśŹŘýŘÂŞ øťĺŘ S üœøďćĆbÎÖœŒþ a ,S ⊂ Rn ÀČĂîŋÂê.ĆÎÖœŒþďćĄÞœSSČÞ£Ů(2-29)

K > |^{∂fi}_{∂xj} (a)| ĆîÀłŚŞýďĄÏ K > 0ÂðŘ.ťĺŘÂþÁŢÕţÈõ a ĆbÎÖœďćĆîâŞŚŮŒþ f : S −→ R^m

:ĆîćďŘććĄŻø ρ > 0ùŚÚœŊ,j = 1, . . ., n Âûø i = 1, . . ., m ÂûýŘÂŞ |x − a| < ρ =⇒ |f(x) − f(a)| ≤ √ mnK|x − a| (6) ŰďĄňĆŞ(6)ùŚÚœŊ,ÝČûćÇþŚÞœ Δy ĆŞŘď f(x) − f(a) ø Δx ĆŞŘď x − a ,y = f(x) ÝČÆþĄĂŞÂðŘ |Δx| < ρ =⇒ |Δy| ≤ √ mnK|Δx| (7) ŰŚÖţÈõřÆ§ÂŞÂČçţõĄÞœĆŞâŞŚŮďŘÀÖõĄÞœťśÆœýŘÂŞüþĎŚŞüœŘÂîýøŚÆõŚœSSþŘ.ćĄłüõĆţłĄœÃČœ ŋÂê.ÝČĺďüõÂþěýćĄúłÂČśãŮĆŞ m = n = 1ťóŚ§ďć.ÀĂîüõĆŐŘďŘÂÑœćďĄõĆbÎÖœďćýŘùďŚŢ ,ÝþÂČÚŞÂÑœďćŘď K ĆbþøŘěřþÂőŚŞ (a, f(a)) ĆbÎÖœěŘŘďÁðťĺŘďÍąøćÂðŘ.K > |f ′(a)| ÀČĂî SSþŘÕśÏ.ćĄłüõÉ£Èõ | y−f (a)x−a | ≤ K ýøŚÆõŚœĆbÜČĺøĆŞÍąøćSSþŘSSČŞÛØłüÏøÂ£õĆbČ§Śœ .ćÂČðüõďŘÂìŕøÂ£õSSþŘÛąŘćďć f ďŘćĄÞœ,a ŒþćÃœüêŚîùběŘÀœŘĆŞ x ýŘÂŞ,ùďŘÃð 3 ùćŘć [ ∂fi∂xj (a)] ,m × n ÅþÂŮŚõŒþŰďĄňĆŞ,Df(a) üĂãþ,a ĆbÎÖœďć f ÕţÈõ.2-29ŰŚśŹŘSSþŘÂŞŚĂŞ,_{x − a = h = (h}1_{, . . ., hn)} ÝČÆþĄœüõ.ćĄłüõ

(Df(a))(h) = ( n∑ j=1^{∂f}1∂xj (a) · hj , . . .,^{n∑}j=1^{∂fm}∂xj (a) · hj ) |(Df(a))(h)|2 = m∑ i=1(^{n∑}j=1^{∂fi}∂xj (a) · hj )2_{≤ m · maxi=}1_{,...,m( n∑j=}1_{∂fi∂xj (a) · hj )}2 ÕśÏøťĺŘ ▽fi(a) · h üÜąŘćŠÂőÛňŚ§ÂŞŘÂŞ ∑nj=1 ∂fi∂xj (a) · hj ĆîÀČĂîĆŻĄŮÂÚþćüêÂÏěŘ:ÝþďŘćÅŮďŘĄłŃŃüłĄîýøŚÆõŚœ | ▽ f_i(a) · h|2 ≤ | ▽ f_i(a)|2|h|2 :üóø

| ▽ f_i(a)|2 = n∑ j=1(^{∂fi}∂xj (a))2_{≤ n maxj=}1_{,...,n | ∂fi∂xj (a)|}2 :ĆîćĄłüõĆźČţœSSþŘÂŞŚĂŞ |(Df(a))(h)|2 ≤ mn|h|2 max_{i,j} | ∂f_i ∂x_j (a)|2 (8):ÝþďŘć

a ĆbÎÖœďć f ýÂþÁŢÕţÈõÓþÂãŮÕśÏñŚ§

lim_{h→}0 f(a + h) − f(a) − (Df(a))(h) |h| = 0 ÂðŘ,ťĺŘÂÔňÂŞŘÂŞ h −→ 0üţìø φ(h) À§öĄİ.ÝČûćüõďŘÂì φ(h) ÂŞŘÂŞ h ≠ 0ýŘÂŞŘďĎŚŞÂÆî :ÝþďŘć.ćĄŞÀûŘĄąĆţĺĄČŢ(ŒİĄî |h| ýŘěŘĆŞüĂãþ)ćĄąĆĂõŘćďć φ âŞŚŮ,φ(0) = 0ÝČĂîÓþÂãŮ f(a + h) − f(a) − (Df(a))(h) = |h|φ(h) f(a + h) − f(a) = (Df(a))(h) + |h|φ(h)4

e ,e = √mn(K − maxi,j | ∂fi∂xj (a)|) ÝČûćďŘÂìÂðŘ,K > maxi,j | ∂fi∂xj (a)| ÝþŘùćÂîŋÂêöĄİ ĆîćďŘććĄŻø ρ > 0,limh→0 φ(h) = φ(0) = 0öĄİSSþŘÂŞŚĂŞ,ťĺŘťśůõŘfÀČîŘýćÀä |h| < ρ =⇒ |φ(h)| < e :ÝþďŘć

|h| < ρ ýŘÂŞřČŮÂŮSSþÀŞ |f(a + h) − f(a) ≤ |(Df(a))(h)| + |h||φ(h)| ≤ √ mn|h| max_{i,j} | ∂f_i ∂x_j (a)| + |h| √ mn(K − max_{i,j} | ∂f_i ∂x_j (a)|) ≤ √ mn|h|K ■ .ÀĺďüõŰŚśŹŘĆŞÝØ§ø .ÝČĂîťŞŚŹŘďýŘùÂČźœěùbÀäŚìÝČœŘĄŮüõöĄĂîŘùÀõŊťĺćĆŞSSČÞ£ŮŒÞîĆŞ øćŘÀäŘöŚČŞöćŘćÃČÞŮďćťóĄúĺýŘÂŞ.ÝČĂîťŞŚŹŘď(5)ñĄõÂêťĺŘüêŚî.(1-29)ŰŚśŹŘ ěŘ,ÝþÀþćĎŚŞùbďŘÃðŰŚśŹŘďćĆîöŚĂżÞû.ÝČûćüõÇþŚÞœ ⃗h ĆŞŘď (h1, . . ., hn) üþŚŮ n ,üþŚŮ n :Ćî φ(0) = 0ŚŞćďŘććĄŻø φ ĆţĺĄČŢüãŞŚŮĆîĆźČţœ a ďć f ýÂþÁŢÕţÈõ f(a + ⃗h) − f(a) = (Df(a))(⃗h) + |⃗h|φ(⃗h)

b = f(a) ĆbÎÖœďć(g_i ÂûĎfćŚãõø) g öĄİ.ÝþÂČðüõÂÑœďćŘď g = (g1, . . ., g_m) âŞŚŮñŚ§

:ø σi(0) = 0ĆîÀœďŘććĄŻø σ1, . . . , σm ĆbţĺĄČŢýŚûâŞŚŮ,ťĺŘÂþÁŢÕţÈõ g_i(b + ⃗k) − g_i(b) = (Dg_i(b))(⃗k) + |⃗k|σ_i(⃗k) , ⃗k = (k1, . . ., k_m) ÝČûćüõďŘÂì,ÀœŚÞŞ f ĆbĂõŘćďć a + ⃗h ĆîŒİĄî |⃗h| ýŘÂŞ.ÝþÂČðüõÂÑœďćŘď zi = (gi ∘ f)(x) ñŚ§ÝþďŘćø,_{⃗k = f(a + ⃗h) − f(a)}

(g_i ∘ f)(a + ⃗h) − (g_i ∘ f)(a) = g_i(b + ⃗k) − g_i(b) = (Dg_i(b))(⃗k) + |⃗k|σ_i(⃗k)5

SSþŘÂŞŚĂŞ

(g_i ∘ f)(a + ⃗h) − (g_i ∘ f)(a) = m∑ l=1^{∂gi}∂yl (b) · kl + |^⃗k|σi(^⃗k) (9) ,⃗h = hej öćŘćďŘÂìŚŞ.ÝČĂîĆśĺŚ¡õŘď limh→0 (gi∘f )(a+hej )−(gi∘f )(a)h üĂãþ, ∂zi∂xj (a) ÝČûŘĄąüõñŚ§:ÝþďŘć(9)ěŘ,_{kl = fl(a + ⃗h) − fl(a)} ĆîSSþŘěŘùćŚÔţĺŘŚŞø

(g_i ∘ f)(a + he_j ) − (g_i ∘ f)(a) h = m∑ l=1^{∂gi}∂yl (b)^{fl(a + hej ) − fl(a)}h +^{|⃗k|}h σi(^⃗k) (10) :ÝþďŘćĄĺŒþěŘ.ÝČĂîüõĆŻĄŮ h −→ 0üţìøĆÎŞŘďSSþŘťĺŘďéÂÏÀ§ĆŞ

lim_{h→}0 f_l(a + he_j ) − f_l(a) h = ∂y_l x_j (a) (11):ĄÞœSSČÞ£ŮÕśÏ,ÂÚþćüêÂÏěŘ | |⃗k| h | = |⃗k| |h| = |⃗k| |⃗h| ≤ √ mnKSSþŘÂŞŚĂŞ.ťĺŘ maxi,j | ∂fi∂xj (a) ěŘÂţðďÃŞùŘĄ£óććÀäŒþ K Ćî | |⃗k| h σ_i(⃗k)| ≤ √ mnK|σ_i(⃗k)| ,⃗h −→ 0üţìøÅŢ,(ťĺŘÂþÁŢÕţÈõĆÎÖœöŊďćŘÂþě)ťĺŘĆţĺĄČŢ a ĆbÎÖœďć f âŞŚŮñŚ§ ĆîćĄłüõĆźČţœťĺŘĆţĺĄČŢ0ďć σi ø σi(0) = 0öĄİø ⃗k = f(a + ⃗h) − f(a) −→ 0ÝþďŘć ĆîÝþÂČðüõĆźČţœ(11)ø(10)ěŘ,řÜÎõSSþŘĆŞĆŻĄŮŚŞ.h −→ 0üţìø | |⃗k|h σi(⃗k)| −→ 0 ∂z_i ∂x_j (a) = m∑ l=1^{∂zi}∂yl (b)^{∂yl}∂xj (a) ■ .ÀĺďüõŰŚśŹŘĆŞýŘùÂČźœěùbÀäŚìø .ÀþćÝČûŘĄąýŘùÂČźœěùbÀäŚìýŚûćÂŞďŚîěŘüäĄĂţõýŚûñŚůõùÀĂþŊĆbÆÜŻďć6