
ö�þ¢�Âð ö�À�õ

�î Ý�÷�¢üõ .´¨� ÂþÁ�ÕµÈõ S Â¨�Â¨ ¤¢ �î ,S � Rn ,´¨� ùÀª ù¢�¢ f : S �! Râ��� À��î ­Âê

:v 2 Rn Âû ø a 2 S Âû ý�Â�

Dvf(a) = (Df(a))(v) (1)

�¤ ö� üÜî ´½¬ Ý�÷���üõ ö��î� üóø Àª ´��� jvj= 1 �� Rn ¥� v Â¬��ä ý�Â� �Î��¤ ßþ� âì�ø ¤¢

´ú� ¤¢ À��ø ¤�¢Â� uv ö� ¤¢ �î Dvf(a) = jvjDuvf(a) Ýþ¤�¢ v 6= 0ý�Â� �î ÝþÀþ¢ .Ý�û¢ ¼�®��

:ßþ�Â���� .´¨� v
Dvf(a) = jvjDuvf(a)

= jvj(Df(a))(uv)

= (Df(a))(jvjuv)

ÂÔ¬ (1) ´¨�¤ éÂÏ Ã�÷ v = 0 ý�Â� .¢�ªüõ ´��� v 6= 0 ý�Â� ÝØ� ø ´¨� üÎ¡ Df(a) �î �Âþ¥

.D0f(a) = 0 üÜ±ì ¢�¢¤�Âì Õ±Ï ø ´¨�

ý�Ìê f â��� ¢Â� ö�� .´¨� �ÆÜ� ßþ� ¶½� ��È�õ �î ¢¤�¢ ¢��ø (1) ¥� üú��� °ó�� üÆþ�÷¥��

�¤�¬ �� v = (v1; : : : ; vn) üµìø ø Àª��üõ 1�n ÅþÂ��õ ×þ Df(a)ÅþÂ��õ ,´¨� RýÀã� ×þ

:Àþ�üõ ¤¢ Âþ¥ �¤�¬ �� (1) ´¨�¤ ´Þ¨ ¢�ª �µª�÷ ö�µ¨ ×þ

@f

@x1
(a)v1 + � � �+

@f

@xn
(a)vn (2)
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��ÖµÈõ ¥� ÛØÈµõ ¤�¢Â� .´¨� ( @f
@x1

(a); : : : ; @f
@xn

(a)) ø v üþ�� n ¤�¢Â� ø¢ üÜ¡�¢ �Â®Û¬�� �î

:Ý�û¢üõ Çþ�Þ÷ grad f(a) �þ 5f(a) �� ø Ý�õ�÷üõ a �ÎÖ÷ ¤¢ f ö�þ¢�Âð �¤ f ý�ù¤��

5 f(a) = (
@f

@x1
(a); : : : ;

@f

@xn
(a)) (3)

×þ Df(a) ø ¢�ªüõ üÖÜ� Rn �Ìä üþ�� n×þ 5f(a) �î ´¨� ßþ� ¤¢ Df(a) ø 5f(a) �ø�Ô�

:Ýþ¤�¢ ,Àª�� ÂþÁ�ÕµÈõ a �bÎÖ÷ ¤¢ f â��� üµìø °��Â� ßþÀ� .1� n ÅþÂ��õ

Dvf(a) = 5f(a) � v (4)

�î ´¨� ñ�Þãõ .Àû¢üõ ´±Æ÷ 5f(a)üþ�� n ¤�¢Â� ×þ f â��� ýÂþÁ�ÕµÈõ �bÎÖ÷ Âû �� âì�ø ¤¢ 5f

�bÀ±õ ¥� ùÀ�þø¤ �¤ 5f(a) ¤�¢Â� �î ü�ãõ ßþ� �� .Ý��îüõ ÝÆ¹� \ö�À�õ" ×þ �¤�¬ �� �¤ â��� ßþ�

.ÝþÂ�ðüõ a �bÎÖ÷

.5f(x; y) = (2x;�1) Ýþ¤�¢ .ÀþÂ�Ú� ÂÑ÷ ¤¢ f(x) = x2 � y �¤�¬ �� �¤ f : R2 �! R .1 ñ�·õ

.(1 ÛØª) Ý��îüõ Ý¨¤ �¤ (2x;�1) ¤�¢Â� ,(x; y) �bÎÖ÷ Âû �bÀ±õ �� ,ö�þ¢�Âð ö�À�õ Ý¨¤ ý�Â�

Ý þ¤�¢ .À þÂ � Ú � Â Ñ ÷ ¤¢ f(x1; : : : ; xn) = x2
1
+ � � �+ x2n �¤�¬ � � �¤ f : Rn �! R .2 ñ� · õ

ö�Þû ¤¢ ø ö� �� �bÀ±õ ¥� Ûõ�� ¤�¢Â� Â��Â� ø¢ �� ý¤�¢Â� ,�ÎÖ÷ Âû ¤¢ Å� 5f(x) = (2x1; : : : ;2xn)

.(n = 2 ý�Â� 2 ÛØª) ¢�ªüõ °Ê÷ ´ú�

(�U) ö� þ¢�Âð Â ��Â � �ÎÖ ÷ Âû ¤¢ øÂ� ÷ ö�À�õ ,� µÆþ�� ý�ûù�Úµ¨¢ ø ü� ��� ÷ ×�÷�Øõ ¤¢ .3 ñ�·õ

ÝÆ� �î ýÀã� �¨ ý�Ìê ¤¢ ýÃîÂõ Ç÷�Âð ý�Â� �f ·õ .´¨� ù�Úµ¨¢ Û�Æ÷�µ � ý¦Â÷� U �î ´¨�

�î U(x; y; z) = �k
r
� � ´¨� Â��Â� Û�Æ÷�µ� ý¦Â÷� ,´¨� Ç÷�Âð ��È�õ ��Êµ¿õ �bÀ±õ ¤¢ ü��Ú�¨

�� ´¨� Â��Â� ~F øÂ�÷ ö�À�õ �¹�þ� ¤¢ .Àª��üõ �bÀ±õ ¥� �Ü¬�ê r =
q
x2 + y2 + z2 ø ´¨� ´��� k > 0

. ~F (x; y; z) = � k

r3
(x; y; z)
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¥� �þ�ð ¤��Æ� ýÂþ�Ê� ¥�Â� ý�û�ä�Þ¹õ �� ù�ÂÞû ö�þ¢�Âð ö�À�õ �÷�Ú� �î ¢�¢ Ý�û��¡ ö�È÷ ö��î�

:�î ÝþÂ�ðüõ �¹�µ÷ (4) ¥� .À�îüõ ���¤� �¤ R ¤¢ ¤�ÀÖõ �� ýÂ�çµõ À�� â��� ×þ ¤�µê¤

Dvf(a) = j 5 f(a)jjvj cos](5f(a); v) (5)

:Ýþ¤�¢ ,v ´ú� ¤¢ üþ�¨ ÕµÈõ Dvf(a) �¹�µ÷ ¤¢ ø Àª�� À��ø ñ�Ï �� ¤�¢Â� ×þ v üµìø

Dvf(a) = j 5 f(a)j cos](5f(a); v) (6)

:�î ÝþÂ�ðüõ �¹�µ÷ ,j cos ]j � 1 �î �¹÷� ¥�

jDvf(a)j � j 5 f(a)j (7)

� Î Ö ÷ ö� ¤¢ ö� þ¢�Â ð ¤�¢Â � ñ� Ï Â ��Â � Â · î�À � � Î Ö ÷ × þ ¤¢ ü þ� ¨ Õ µ È õ Õ Ü Î õ¤À ì ü � ã þ

,v = 5f(a)
j5f(a)j ü�ãþ ,5f(a) ´ú� ¤¢ À��ø ¤�¢Â� ý�Â� ,5f(a) 6= 0 ,a �b ÎÖ÷ ¤¢ Âð� âì�ø ¤¢ .´¨�

,¢�ªüõ (-1) ,�þø�¥ §���Æî ,5f(a)Óó�¿õ ´ú� ¤¢ v À��ø ¤�¢Â� ý�Â� ø cos](5f(a); v) = 1

:Å�

´ú� ø ,ö�þ¢�Âð ´ú� ,â��� Çþ�Ãê� Â·î�À� ´ú� ,5f(a) 6= 0 ,a �b ÎÖ÷ ¤¢ Âð� .ù¤�Ãð (1-25)

2 .´¨� ö�þ¢�Âð §�Øãõ ´ú� ,â��� Çû�î Â·î�À�

Ã�÷ Û±ì ��ÆÜ� ¤¢ �î ÝþÂ�ðüõ ÂÑ÷ ¤¢ �¤ f(x; y) = x2 � y2 �¤�¬ �� f : R2 �! Râ��� .4 ñ�·õ

�À�� (2;0) �b ÎÖ÷ ¤¢ �¤ â��� Çû�î ø Çþ�Ãê� Â·î�À� ´ú� Ý�û��¡üõ .Ýþ�ù¢Âî �À�� üþ��ª� ö� ��

¤�¢Â� ö�þ¢�Âð ´ú� ¤¢ À��ø ¤�¢Â� .5f(2;0) = (4;0)Å� ,5f(x; y) = (2x;�2y) Ýþ¤�¢ .Ý��î

�î @f
@x

(2;0) ü�ãþ (1;0)´ú� ¤¢ üþ�¨ ÕµÈõ .Àª��üõ â��� Çþ�Ãê� Â·î�À� ´ú� �î ,´¨� (1;0)

�î ´¨� (�1;0)´ú� ü�ãþ ,(1;0) Û��Öõ ´ú� â��� Çû�î Â·î�À� ´ú� ß��»Þû .´¨� 4 Â��Â�
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´ú� �î ¢�ªüõ ùÀû�Èõ (3 ÛØª) â��� ¤�¢�Þ÷ ýø¤ .¢�ªüõ (�4) Â��Â� ö� �� ´±Æ÷ üþ�¨ ÕµÈõ

.ö� Û��Öõ ´ú� Çû�î Â·î�À� ´ú� ø ´¨� ßþ¥ \ñ�þ" ýø¤ ¢�ã¬ �� ÂÒ��µõ â��� Çþ�Ãê� Â·î�À�

:´ª�÷ Âþ¥ ÛØª �� �¤ (7) ö���üõ

� j 5 f(a)j � Dvf(a) � j5 f(a)j (8)

â��� �î Àª�� ¢���õ üµú� Ýþ¤�¢ ¤�Ñµ÷� ,â��� Çû�î Â·î�À� ´ú� ø â��� Çþ�Ãê� Â·î�À� ´ú� ß��

ß�� �þø�¥ §���Æî ,v ? 5f(a) üµìø âì�ø ¤¢ .Dvf(a) = 0 ü�ãþ ,¢¤�¢ ´ú� ö� ¤¢ �¤ Â��ç� ßþÂµÞî

¤¢ ,ö�þ¢�Âð Â� ¢�Þä ý�û´ú� �î ´¨� ßþ� °ó�� �b µØ÷ .Dvf(a) = 0 �¹�µ÷ ¤¢ ø ´¨� ÂÔ¬ �ú÷�

:À�µÆû a �bÎÖ÷ ¥� �¤Áð ¥�Â� �bä�Þ¹õ Â� §�Þõ ý�û´ú� âì�ø

âì�ø ¤¢ 5f(a) Â� ¢�Þä �½Ô¬Â�� ù�Ú÷� ,5f(a) 6= 0 Ý�ª�� �µª�¢ a �b ÎÖ÷ ¤¢ Âð� .ù¤�Ãð (2-25)

.¢¤Áðüõ a �bÎÖ÷ ¥� �î ´¨� f â��� ¥�Â� �bä�Þ¹õ Â� §�Þõ �b½Ô¬Â��

ö�þ¢�Âð üµìø �µ±ó� .´¨� ¢�Þä ¥�Â� ý�û�ä�Þ¹õ Â� ù¤��Þû ö�þ¢�Âð �î ¢�ªüõ �µÔð �¬�¡ ¤�Ï ��

§�Þõ ý�û¤�¢Â� � � ö�þ¢�Âð üÜ¡�¢ �Â®Û¬�� öÀª ÂÔ¬ ý��ãõ �� �f êÂ¬ ö¢�� ¢�Þä ,¢�ª ÂÔ¬

üÞî üóø Ý��îüõ ñ�î�õ Àã� �� �¤ ù¤�Ãð ßþ� Õ�ì¢ ��±�� .´¨� (¢��ø �¤�¬ ¤¢) ¥�Â� �ä�Þ¹õ Â�

� þ� �î ´¨� ßþ� À¨¤üõ ßû£ �� �î üóø� ñ��b ¨ .´¨�¹� ö� ¢¤�õ ¤¢ ý¢�úª ñ�Àµ¨� ø ¼�®� �

�½Ô¬Â��"×þ ý�¤�¢ �ÎÖ÷ Âû ¤¢ �î ü�ãõ ßþ� �� À�µÆû \¤��Þû"üþ�û�ä�Þ¹õ ¥�Â� ý�û�ä�Þ¹õ

´¨¢ ù�Ú÷� ,5f(a) 6= 0 Ý�ª�� �µª�¢ a �bÎÖ÷ ¤¢ Âð� �î Àª Àû��¡ ù¢�¢ ö�È÷ �ûÀã� ?À�µÆû \§�Þõ

Âð� üóø ,´¨� ¤��Þû ¢¤�¢ ¤�Âì a �b ÎÖ÷ �¤ø�¹õ ¤¢ �î a ¥� �¤Áð ¥�Â� �b ä�Þ¹õ ¥� üØ��î Ç¿� Ýî

ÂµØ��î §�Þõ ý�Ìê Àã� �þ ¢�ª ËÖ÷ \ö¢�� ¤��Þû"ßþ� ´¨� ßØÞõ a �bÎÖ÷ ¤¢ ù�Ú÷� ,5f(a) = 0

f â��� ü÷�Â½� ¯�Ö÷ 5f(a) = 0 ö� ¤¢ �î �¤ üÏ�Ö÷ .(À��î �ã��Âõ Àã� ý�ûñ�·õ ��) ¢�ª (n �1) ¥�

ö���üõ ,�õÀÖõ ßþ� ­Âê �� .Ý�õ�÷üõ ÝÑ�õ ¯�Ö÷ �þ ý¢�ä ¯�Ö÷ ,5f(a) 6= 0 ö� ¤¢ �î �¤ üÏ�Ö÷ ø
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:¢Âî ���¤� ¥�Â� �bä�Þ¹õ Â� ö�þ¢�Âð ö¢�� ¢�Þä ý�Â� �¤ Âþ¥ ý¢�úª Ûþ�¢

,\¥�Â� �ä�Þ¹õ ´ú� ¤¢ ÕµÈõ"ßþ�Â���� ,´¨� ´��� ¥�Â� �b ä�Þ¹õ ýø¤ f â��� .1 ý¢�úª ñ�Àµ¨�

.Àª�� ÂÔ¬ Àþ�� ¥�Â� �bä�Þ¹õ Â� §�Þõ ´ú� Âû �� ´±Æ÷ ÕµÈõ ü�ãþ

ÂÆî �� ø Àª�� a �bÎÖ÷ ¤¢ ¥�Â� �bä�Þ¹õ Â� §�Þõ ¤�¢Â� ×þ u À��î ­Âê .2 ý¢�úª ñ�Àµ¨�

f(a+ hu)� f(a)

h
(9)

Â � ý¢�Þä a + hu �b ÎÖ ÷ ¥� .´¨� Duf(a) ý�Â� À�î Û�õ ÂÔ¬ �� h üµìø ö� À� �î À��î ����

¢�Þä Í¡ù¤�� ñ�Ï Ýþ¤�¢ ¤�Ñµ÷� Ýþ¢Âî ���¤� \§�Þõ" ¥� �î üÔþÂã� �� ���� �� .À��î Ý¨¤ ¥�Â� �bä�Þ¹õ

¤�ÀÖõ ü�ãþ ´¨� ¥�Â� �b ä�Þ¹õ ýø¤ ¢�Þä ý�� üóø .h �! 0 üµìø À�î Û�õ ÂÔ¬ �� h ¥� ÂµãþÂ¨

�µª�¢ ¤�Ñµ÷� ,f ÂþÁ�ÕµÈõ â��� ö¢�¢ Â�� �� �î ´Æ�÷ ñ�Öãõ�÷ ßþ�Â���� ,´¨� a ¤¢ f ¤�ÀÖõ Â��Â� ö� ¤¢ f

.Àª�� ÂÔ¬ (9) ÂÆî À� ü�ãþ ,À�î Û�õ ÂÔ¬ �� h ¥� ÂµãþÂ¨ Ã�÷ f(a + h)� f(a) Û®�Ô� Ý�ª��

:¢�ªüõ Û¬�� ,S � Rn ,f : S �! R ÂþÁ�ÕµÈõ â��� ¤�µê¤ ¢¤�õ ¤¢ Âþ¥ Âþ�Ê� ,ù¤�Ãð ßþ� ñ�±ì ��

.À�îüõ ù¤�ª� f Çþ�Ãê� Â·î�À� ´ú� �� ø ´¨� ¢�Þä f ¥�Â� ý�û�ä�Þ¹õ Â� ù¤��Þû f ö�þ¢�Âð

:Ýþ¤�¢ .Ý��îüõ ÓþÂã� f(x; y; z) = x2 + y2 � z2 �¤�¬ �� �¤ f : R3 �! Râ��� .5 ñ�·õ

5f(x; y; z) = (2x;2y;�2z)

,´¨� ��¤�³Øþ ¤�øüó�óÁû ×þ x2 + y2 � z2 = c ü�ãþ ,c �� ��Æ�õ ¥�Â� �b ä�Þ¹õ ,c > 0 ý�¥���

��¤�� ø¢ ¤�øüó�óÁû ×þ ¥�Â� �b ä�Þ¹õ ,c < 0 ý�¥��� ø Àþ�üõ ´¨¢�� ¯øÂ¿õ ×þ c = 0 ý�¥���

,z ¤�½õ ¥� ¤ø¢ ¤��Þû ,z ¤�½õ ¥� �¤�¡ ,(2x;2y;�2z) ¤�¢Â� ü�ãþ ö�þ¢�Âð ´ú� .(5 ÛØª) ´¨�

.Àª��üõ ,z < 0 üµìø ��� éÂÏ �� ø z > 0 üµìø ß�þ�� éÂÏ ��
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ö� ¤¢ �î ´¨� (0;0;0) ü÷�Â½� �b ÎÖ÷ �ú�� .´¨� �bÀ±õ éÂÏ �� ö�þ¢�Âð ´ú� ,z ¤�½õ ýø¤

.´Æ�÷ ¤��Þû (¯øÂ¿õ) ¯��Âõ ¥�Â� �bä�Þ¹õ

:Ýþ¤�¢ .Ý��îüõ ÓþÂã� f(x; y) = (x2 �1)2 + y2 �¤�¬ �� �¤ f : R2 �! Râ��� .6 ñ�·õ

5f(x; y) = (4x(x2 �1);2y)

ü÷�Â½� ¯�Ö÷ ßþ� Ûõ�ª ¥�Â� ý�û�ä�Þ¹õ ´Æ¿÷ .À÷¤�¢ ¢��ø (0;0) ø (�1;0) ü÷�Â½� �ÎÖ÷ �¨

(x2 � 1)2 + y2 = 0 ö¢�¢ ¤�Âì � � âì�ø ¤¢ ø f(�1;0) Ýþ¤�¢ (�1;0)ý�¥��� .ÝþÂ�ðüõ ÂÑ÷ ¤¢ �¤

(�1;0) ø (1;0) �b ÎÖ÷ ø¢ ¥� ÂÔ¬ �� ��Æ�õ ¥�Â� �b ä�Þ¹õ Å� .À�þ�üõ ´¨¢�� �ÎÖ÷ ø¢ ßþ� ÍÖê

�î ,ñ�Þãõ ´ó�� ý�� �� ü�ãþ ,¢¤�¢ üþ��·µ¨� üµó�� ¥�Â� �b ä�Þ¹õ ßþ� �î Ý����üõ .´¨� ùÀª Û�ØÈ�

ü÷�Â½� �b ÎÖ÷ ý�¥��� .´¨� ùÀª Û�ØÈ� �Ã¹õ �b ÎÖ÷ ø¢ ¥� �¹�þ� ¤¢ ,´¨� ü�½�õ ×þ ¥�Â� �b ä�Þ¹õ

ù¢�Ôµ¨� ,ü��þ�ÎÖ÷ �� ö���üõ �¤ (x2�1)2+ y2 = 1 ¥�Â� �bä�Þ¹õ .f(0;0) = 1 ,(0;0)ü�ãþ ,ÂÚþ¢

.(6 ÛØª) ´¨� ÛØª �÷�øÂ� ü�½�õ ×þ �î ¢¤ø� ´¨¢�� ýÂ���³õ�î Ý�¨Â� �þ ,ü±Îì ��Êµ¿õ ¥�

ö� ¤¢ ü�½�õ �¡�ª ø¢ ü�ãþ ,´Æ�÷ ¤��Þû (0;0)ü÷�Â½� �b ÎÖ÷ ¤¢ ¥�Â� �b ä�Þ¹õ ßþ� �î À��î ����

,0 < c < 1 ý�Â� .´¨� üú� (x2 � 1)2 + y2 = c ¥�Â� �bä�Þ¹õ c < 0 ý�Â� .À÷�ªüõ âÏ�Öµõ �ÎÖ÷

(�1;0) ü÷�Â½� �b ÎÖ÷ ø¢ ñ�� ø �÷�øÂ� �b ¡�ª ø¢ Û¡�¢ ¤¢ ×��î �b µÆ� ü�½�õ ø¢ ¥� ¥�Â� �b ä�Þ¹õ

�Ï��� �¤ �÷�øÂ� öøÂ�� ¥� �î ´¨� ü�½�õ ×þ ¥�Â� �b ä�Þ¹õ ,c > 1 ý�Â� ùÂ¡��� ø ,´¨� ùÀª Û�ØÈ�

.´¨� ùÀª Ý�¨Â� ¥�Â� ý�û�ä�Þ¹õ ýø¤ ö�þ¢�Âð ö�À�õ .À�îüõ

¥�Â� �ä�Þ¹õ �î °��Â� ßþ� �� ¢Âî ý¥�¨¥�� ¥�Â� ý�û�ä�Þ¹õ ×Þî �� ö���üõ �¤ â��� ßþ� ¤�¢�Þ÷

§�Þõ (�1;0;0) �ÎÖ÷ ø¢ ¤¢ ¤�¢�Þ÷ Â� z = 0 �½Ô¬ .Ý��îüõ ÛÖµ�õ z = c á�Ô�¤� �� �¤ c �� ��Æ�õ

ý�¥��� ,À�îüõ âÎì ü�½�õ ø¢ ¤¢ �¤ ¤�¢�Þ÷ z = c �½Ô¬ ,0 < c < 1 ,×��î c > 0 ý�Â� .´¨�

.(7 ÛØª) ´¨� �µÆ� ü�½�õ ×þ âÎÖõ z > 1 ý�Â� ø Àþ�üõ ÀþÀ� ý��÷�øÂ� ÛØª z = 1
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