
¥�Â� ý�û�ä�Þ¹õ

.Ý��îüõ �ÂÎõ üþ�ûñ�·õ �ÆÜ� ßþ� ¤¢ ,�µªÁð �bÆÜ� ö�þ�� ¤¢ ¥�Â� ý�û�ä�Þ¹õ üÜî üêÂãõ ñ�±÷¢ ��

:´ª�÷ Âþ¥ �¤�¬ �� ö���üõ �¤ A .Àª�� ý�µÆõ ´ª�Ú÷ ×þ A : Rn �! R
m À��î ­Âê .1 ñ�·õ

A(x) = L(x) +B x 2 Rn Âû ý�Â� (1)

L ø A ¥�Â� ý�û�ä�Þ¹õ .Rm ´��� ÂÊ�ä ×þ B ø ´¨� Rm �� Rn ¥� üÎ¡ ´ª�Ú÷ ×þ L ö� ¤¢ �î

âì�ø ¤¢ ,À�µÆû üØþ

A�1(c+ B) = L�1(c)

â��� ý�Â� .´¨� Aý�Â� c+ B �� ��Æ�õ ¥�Â� �bä�Þ¹õ ö�Þû Lý�Â� c �� ��Æ�õ ¥�Â� �b ä�Þ¹õ ü�ãþ

L �b µÆû Àã±Þû ø ý¥��õ üÎ¡ ý�û�ÌêÂþ¥ �þ ø À�µÆû üú� �þ ¥�Â� ý�û�ä�Þ¹õ �î Ý�÷�¢üõ L üÎ¡

.À�ª��üõ

¥�Â� ý�û�ä�Þ¹õ .Ý��îüõ ÓþÂã� f(x; y; z) = x2 + y2 + z2 �¤�¬ �� �¤ f : R3 �! R .2 ñ�·õ

ý�Â� ,´¨� üú� ��Æ�õ ¥�Â� �b ä�Þ¹õ ,c < 0 ý�Â� .Ý��îüõ ü¨¤Â� c 2 RÓÜµ¿õ Âþ¢�Öõ ý�Â� �¤ f

¯�Ö÷ �b ä�Þ¹õ ü�ãþ ,
p
c á�ãª ùbÂî ,c > 0 ý�Â� ø ,¢�ªüõ Û¬�� f(0;0;0)gý��ÎÖ÷ ×� ,c = 0

.Àþ�üõ ´¨¢�� x2 + y2 + z2 = c ¯Âª �� ��Ö� (x; y; z)
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.´¨� ùÀª ÓþÂã� f(x; y) = x2 � y2 �¤�¬ �� �î ÝþÂ�ðüõ ÂÑ÷ ¤¢ �¤ f : R2 �! Râ��� .3 ñ�·õ

.Ýþ¥�¢Â�üõ ¥�Â� ý�û�ä�Þ¹õ ü¨¤Â� �� ö��î� ,Ýþ¢Âî ü¨¤Â� Û±ì �ÆÜ� 4 ñ�·õ ¤¢ �¤ â��� ßþ� ¤�¢�Þ÷

�bä�Þ¹õ ,c = 0 ý�Â�

f(x; y) j x2 � y2 = 0g = f(x; y) j x� y = 0 �þ x+ y = 0g

�b ¡�ª ø¢ ý� ó� óÁû ,c > 0 ý�Â � .´¨� ùÀª Û�ØÈ � x� y = 0 ø x+ y = 0 ´¨�¤ Í¡ ø¢ ¥�

éÂÏ �� �û�¡�ª ø À÷¤�¢ ¤�Â ì (�pc;0) ¯�Ö÷ ¤¢ �û�¡�ª §��¤ �î Àþ�üõ ´¨¢�� x2 � y2 = c

¤¢ ý�ó�óÁû §�b¤ ø¢ ¤�� ßþ� .¢�ªüõ Ëþ�ã� y ø x ÇÖ÷ ,c < 0 ý�Â� .À÷�ªüõ ¥�� ²� ø ´¨�¤

.(1 ÛØª) ¢�ªüõ ¥�� ß�þ�� ø ��� éÂÏ �� ý�ó�óÁû ø À÷¤�¢ ¤�Âì (0;�pc)

âÏ�Ö� � � z = c ý�¥��� .¢�ªüõ Û¬�� Âþ¥ ÕþÂÏ �� z = x2 � y2 ¤�¢�Þ÷ � � ÛØª ßþ� ¯�±�¤�

Âþ�Ê� xy �b½Ô¬ Â� �¤ âÎÖõ ßþ� Âð� .´¨� (x; y; c) ÛØª �� ¯�Ö÷ ¥� ÛØÈµõ ¤�¢�Þ÷ �� z = c �½Ô¬

.¢�ªüõ Û¬�� c �� ��Æ�õ ¥�Â� �bä�Þ¹õ �fÖ�ì¢ Ý��î

Ý��î âÎì z = c �b ½Ô¬ �� �¤ â��� ¤�¢�Þ÷ Âð� .´¨� Â±µãõ f : R2 �! Râ��� Âû ý�Â� ë�ê °ÜÎõ

Âð� °��Â� ßþÀ� .¢¤�¢ ¤�Âì c �� ��Æ�õ ¥�Â� �b ä�Þ¹õ Â¨ ��� �î Àþ�üõ ´¨¢�� ¤�¢�Þ÷ Ç¿� ö� �fÖ�ì¢

,xy �½Ô¬ ýø¤ ö¢Âî Âþ�Ê� ø z = c ��½Ô¬ �b Ü�¨ø �� ö� ö¢Âî âÎì �� Àª�� ´¨¢ ¤¢ â��� ¤�¢�Þ÷

Âû ñ�Öµ÷� �� ,À�ª�� ùÀª Ý¨¤ ¥�Â� ý�û�ä�Þ¹õ �»÷��� ÅØãó�� .À÷�ªüõ Û¬�� f ¥�Â� ý�û�ä�Þ¹õ

.¢�ªüõ ý¥�¨¥�� â��� ¤�¢�Þ÷ ,z = c á�Ô�¤� �� f�1(c) ¥�Â� �bä�Þ¹õ

ÓþÂã� Âþ¥ �¤�¬ �� �¤ f : Rn �! Râ��� .a 6= 0 �î Àª�� ùÀª ù¢�¢ a 2 Rn À��î ­Âê .4 ñ�·õ

:Ý��îüõ

f(x) = a � x (2)
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ü¨¤Â� üóø À¹�ðüõ 1 ñ�·õ ¤¢ ø ´¨� üÎ¡ â��� ×þ âì�ø ¤¢ ßþ� ,a � x = a1x1 + � � �+ anxn ö��

×þ À��îüõ ëÀ¬ a � x = c ¤¢ �î üþ�û x �b ä�Þ¹õ �î Ý�÷�¢üõ .´¨� ���� Û��ì Ã�÷ ö� Ý�ÖµÆõ

�î üþ�û x �b ä�Þ¹õ = f �b µÆû) a � x = 0 ý¥��õ �Þû �û�½Ô¬Â�� ßþ� ø ´¨� Rn ¤¢ �½Ô¬Â��

.À�ª��üõ (x ? a

ÓþÂã� Âþ¥ �¤�¬ �� �¤ f : R3 �! R
3 ø ÝþÂ�ðüõ ÂÑ÷ ¤¢ R3 ¤¢ a 6= 0 ´��� ý�Ìä .5 ñ�·õ

:Ý��îüõ

f(x) = a� x (3)

1 ��¤¢ �¤�±ä �Ôó�b õ Âû) ´¨� üÎ¡ Ã�÷ (3) â��� .´¨� x ø a ý¤�¢Â� �Â® a� x ¥� ¢�ÊÖõ �î

�f Þ�Ö µÆõ Ã� ÷ �¤ ñ� ·õ ßþ� .¢Â �ðüõ ¤�Â ì 1 ñ�·õ ���¤�� ¤¢ ø (´¨� x1; x2; x3 �� ´±Æ÷ ßÚÞû

a Â� ¢�Þä ø 0 ¥� �¤Áð �½Ô¬ ¤¢ c 2 R3 Âð� ,´¨� ¢�Þä a Â� a � x �î �¹÷� ¥� .Ý��îüõ ü¨¤Â�

a� x = 0 ¤¢ �î üþ�û x �b ä�Þ¹õ ,c = 0 ý�Â� .´¨� üú� f�1(c) ¥�Â� �b ä�Þ¹õ ,Àª�� �µª�À÷ ¤�Âì

âì�ø ¤¢ ßþ� .Àþ�üõ ÀþÀ� a ¢�Àµõ� ¥� �î üÎ¡ ýø¤ ¯�Ö÷ ü�ãþ ,À�µÆû a ¤�¢Â� �¤�Ìõ À��îüõ ëÀ¬

âì�ø ¤¢ .À�ª��üõ aý¥��õ ´¨�¤ ¯�Î¡ üú��÷ ¥�Â� ý�û�ä�Þ¹õ Âþ�¨ Å� .´¨� f üÎ¡ â��� �b µÆû

üþ���¨ ×þ (a; b; c) �î Àª�� �½Ô¬ ßþ� ¤¢ b ¤�¢Â� �÷�Úþ Àþ�� a Â� ¢�Þä �½Ô¬ �� f�1(c) í�Âµª�

.Àª��üõ c ñ�Ï Â��Â� b ø a Í¨�� ùÀª ß��ã� Û�ÎµÆõ ´��Æõ ø ´¨� ¢ÂÚµ¨�¤

�¤�¬ �� �¤ f : R3 �! R
2 â��� .6 ñ�·õ

f(x; y; z) = (z; x2 + y2 + z2)

:¥� ´¨� �¤�±ä f�1(c) ¥�Â� �bä�Þ¹õ ,c = (c1; c2) 2 R2 ý�¥��� .Ý��îüõ ÓþÂã�

f(x; y; z) j z = c1g \ f(x; y; z) j x2 + y2 + z2 = c2g

3



�b ä� Þ¹ õ ,c2 = 0 ý�Â � .´¨� üú � f�1(c) �¹ � µ ÷ ¤¢ ø ´¨�¤ ´Þ¨ �b ä�Þ¹ õ ,c2 < 0 ý�Â �

Â Ú õ ´¨� ü ú � f�1(c1;0) Å� ,´¨� ùÀ ª Û � ØÈ � f(0;0;0)gý��Î Ö ÷ × � ¥� ´¨�¤ ´Þ¨

.c2 > 0 À � � î ­Â ê ñ�� .´¨� f(0;0;0)gý��ÎÖ ÷ ×� Ã � ÷ f�1(0;0) ø ,c1 = 0 � î ü µ ìø

�b ä� Þ¹ õ � î ßþ� ý�Â � .´¨� 0 Ã îÂ õ � � pc2 á� ãª ùbÂ î f�12 (c2)ü� ã þ ,´¨�¤ ´Þ¨ �b ä� Þ¹õ

´¨� ß þ� üê�î ø ô¥� ¯Âª ,Àª� � � µª�¢ üú�� ÷ í�Âµª� f�1
2

(c2) � � ,f�11 (c1) ü�ã þ ,²� ´Þ¨

×� ×þ ø ¢�ªüõ §�Þõ ùÂî Â� z = �pc2 �b ½Ô¬ ,c1 = �pc2 üµìø .�pc2 � c1 � p
c2 �î

�þ z =
p
c2 �½Ô¬ �î ßþ� �� �µÆ� (0;0;�pc2)) ¢�ªüõ Û¬�� ¥�Â� �b ä�Þ¹õ ö���ä �� ý��ÎÖ÷

�� ùÂî âÏ�Ö� ùbÂþ�¢ f�1(c1; c2) ,�pc2 < c1 <
p
c2 ý�Â� .(¢�ª �µêÂð ÂÑ÷ ¤¢ z = �pc2 �½Ô¬

ýø¤ ý�ûý��ÎÖ÷ ×� ¥� À��¤�±ä f â��� üú��÷ ¥�Â� ý�û�ä�Þ¹õ °��Â� ßþÀ� .´¨� z = c1 �b ½Ô¬

.À÷¤�¢ ¤�Âì z = c üÖê� ��½Ô¬ ¤¢ �î z ¤�½õ ýø¤ ÃîÂõ �� ý�ûùÂþ�¢ ø z ¤�½õ

¥�Â � ý�û�ä�Þ¹õ �î ÝþÀþ¢ ý�µÆõ ý�ûâ��� ¢¤�õ ¤¢ .Ý� �îüõ �ÂÎõ �¤ Â þ¥ � ó�bÆõ �¹�þ� ¤¢

ý�û�ä�Þ¹õ ¢¤�õ ¤¢ üÜî üÞØ� ö���üõ �þ� ,ýÀã� ô�ð ö���ä �� .À÷¤�¢ üµ¡���Øþ ø ù¢�¨ ý�ûÛØª

:Ý��îüõ ÓþÂã� Âþ¥ �¤�¬ �� �¤ f : Rn �! Râ��� ?¢Âî ö���ä 2 ��¤¢ â��� ×þ ¥�Â�

f(x1; : : : ; xn) = a0 + a1x1 + � � �+ anxn +
nX

i;j=1

aijxixj (4)

ôø¢ ��¤¢ �¤�±ä ßþÂ�üÜî (4) ´¨�¤ éÂÏ .À÷�ùÀª ù¢�¢ üÖ�Ö� ¢�Àä� �û aij ø �û ai �¹�þ� ¤¢ �î

� ÷�Ú� (4) ¤¢ f ÛØª �� üã��� ¥�Â � ý�û�ä�Þ¹õ �î ´¨� ßþ� ñ��b ¨ .´¨� x1; : : : ; xn °Æ�Â�

¥� üþ�û�¤�¬ ÍÖê ö���üõ Rn ý�Ìê ¤¢ °¨��õ \ö�¤ø¢" �� �î Àþ¢ Ý�û��¡ ùÀ�þ� ¤¢ .À�µÆû üó�Øª�

´êÂð ÂÑ÷ ¤¢ �¤ (4)

´¨� üê�î ü�ãþ ,À�ª�� �µª�À÷ ¢��ø ,i 6= j �� xixj ü�ãþ ,ôø¢ ��¤¢ ¯�Ü¿õ ��Þ� ö� ¤¢ �î

:ÝþÂ�Ú� ÂÑ÷ ¤¢ �¤ Âþ¥ ÛØª �� ôø¢ ��¤¢ ý�ûâ���

f(x1; : : : ; xn) = a0 + a1x1 + � � �+ anxn + a11x
2

1
+ a22x

2

2
+ � � �+ annx

2

n (5)
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.Ý��îüõ Ó�¬�� �¤ n = 3 ø n = 2´ó�� ø¢ Àã� �bÆÜ� ø �ÆÜ� ßþ� ¤¢

Ýþ¤�¢ ,ÝþÂ�ð ¤�î�� �¤ y ø x Âµó�Þãõ ý�û¢�Þ÷ x2 ø x1 ý�� �� Âð� n = 2´ó�� ¤¢

f(x; y) = a0 + a1x+ a2y + a11x
2 + a22y

2 (6)

ßþ� ü¨À�û ÂÑ÷ ¥� �î Û�ó¢ ßþ� � � À�êøÂãõ üÏøÂ¿õ âÏ�Öõ �� üã��� ß��� ¥�Â � ý�û�ä�Þ¹õ

âì�ø ¤¢ .(4 ÛØª) ¢¤ø� ´¨¢�� ¯øÂ¿õ ×þ ø �½Ô¬ ×þ âÎÖõ �¤�¬ �� ö���üõ �¤ �ûü�½�õ

200 ¥� Ç�� �î §��÷�ó��� ��ÏøÂ¿õ ��µî ø À÷¢�� ùÀª �µ¡��ª ö�µ¨�� ö�¤ø¢ ¥� üÏøÂ¿õ âÏ�Öõ

ø \üÌ��" ,\üÞú¨" ÛØª �¨ .´¨� ñ�Øª� ßþ� ü¨¤Â� ¤¢ üãõ�� �b ó�¨¤ ùÀª �µª�÷ ¢��õ ¥� Û±ì ñ�¨

.À�µÆû üÏøÂ¿õ âÏ�Öõ ùbÀÞä á�÷ �¨ ,À÷�ùÀª ù¢�¢ Çþ�Þ÷ ÛØª ¤¢ �î \üó�óÁû"

ü¨¤Â� À��îüõ ëÀ¬ f(x; y) = 0 ¤¢ �î �¤ üþ�û (x; y) �b ä�Þ¹õ Ý�û��¡üõ (6) ¤¢ f ý�Â� ñ��

°þÂ® ¤¢ c�Á� �� �Âþ¥ À÷Â�ðüõ Â� ¤¢ �¤ f(x; y) = c ßØÞõ ñ�Øª� �b Þû ùÀõ� ´¨¢�� ¸þ�µ÷ .Ý��î

:ÝþÂ�ðüõ ÂÑ÷ ¤¢ ´ó�� À�� .¢�¢ ¤�Âì ÂÔ¬ Â��Â� �¤ ´¨�¤ éÂÏ ö���üõ ,a0 ´���

ü¨¤Â� �f ±ì �î ÝþÂ�ðüõ ¤�Âì ý�µÆõ ý�ûâ��� ´�ã®ø ¤¢ ´ó�� ßþ� ¤¢ .a11 = a22 = 0 (Óó�

.À÷�ùÀª

ßþ� ¤¢ .a22 = 0 ø a11 6= 0 À��î ­Âê �f ·õ .ÂÔ¬�÷ ýÂÚþ¢ ø ÂÔ¬ a22 ø a11 ¥� üØþ (�

:Àþ�üõ ¤¢ Âþ¥ ÛØª �� f ,¤øÁ¹õ Û�ÞØ� �� �¤�¬

f(x; y) = A0 + a11(x� h)2 + a2y (7)

:ÛØª �� ü�¤�±ä ,a2 Â� Ý�ÆÖ� ø f(x; y) = 0 ö¢�¢ ¤�Âì �� ,a2 6= 0 Âð�

y = A(x� h)2 +B ; A =
a11
a2

6= 0

ù¢�¢ Çþ�Þ÷ ü�½�õ ø¢ ¥� üØþ A < 0 �þ A > 0 �î ßþ� �� �µÆ� .¢¤�¢ ô�÷ üÞú¨ �î .Àþ�üõ ´¨¢��

.¢�ªüõ Û¬�� 5 ÛØª ¤¢ ùÀª
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´¨¢�� ¯øÂ¿õ Àó�õ ¯�Î¡ ¥� üØþ ý¥��õ �½Ô¬×þ âÏ�Ö� ¥� üÞú¨ ,üÏøÂ¿õ âÎÖõ ö���ä ��

Í¡ ø¢ ,a11 ø A0 ´õ�ä �� �µÆ� ,f(x; y) = 0 ù�Ú÷� ,a2 = 0 Ý�ª�� �µª�¢ (7) ¤¢ Âð� .Àþ�üõ

.´¨� üú� �þ ´¨�¤ Í¡ ×þ ,Ý��ì ´¨�¤

�� (6) ¤¢ �û¤øÁ¹õ Û�ÞØ� �� �¤�¬ ßþ� ¤¢ .À�ª�� ÂÔ¬�÷ ø¢ Âû a22 ø a11 À��î ­Âê ñ��

:Ý�¨¤üõ Âþ¥ �¤�±ä

f(x; y) = a11(x� h)2 + a22(y � k)2 +A0 (8)

:ÝþÂ�ðüõ ÂÑ÷ ¤¢ ´ó�� ø¢ �¹�þ� ¤¢

f(x; y) ,Àª�� a22 ø a11 �� ´õ�ãÞû Ã�÷ A0 Âð� �¤�¬ ßþ� ¤¢ .À�ª�� ´õ�ãÞû a22 ø a11 (�

,A0 = 0 Âð� .À�îüÞ÷ ëÀ¬ ý��ÎÖ÷ º�û f(x; y) = 0 ¤¢ ü�ãþ ,´¨� üÔ�õ ù¤��Þû �þ ´±·õ ù¤��Þû

a22 ø a11 ´õ�ä ¥� A0 ´õ�ä Âð� ùÂ¡��� .À�îüõ ëÀ¬ f(x; y) = 0 ¤¢ (h; k) �ÎÖ÷ �ú�� ù�Ú÷�

:Ý��îüõ Ý�ÆÖ� �A0 Â� ù¢Â� �ó¢�ãõ ÂÚþ¢ éÂÏ �� �¤ A0 ,f (x; y) = 0 ¤¢ ,Àª�� �ø�Ôµõ

(x� h)2

�A0=a11
+

(y � k)2

�A0=a22
= 1

ø ´¨� ´±·õ �� � �Â¿õ ø¢ ¥� ×þ Âû ,¢� � �ø�Ôµõ a22 ø a11 ´õ�ä � � A0 ´õ�ä �î �¹÷� ¥�

:Ýþ¤�¢ Å� ,´ª�÷ ¤øÁ¹õ ×þ �¤�¬ �� �¤ ×þ Âû ö���üõ

(x� h)2

a2
+

(y � k)2

b2
= 1 (9)

.(6 ÛØª) ´¨� (h; k) �bÎÖ÷ ÃîÂõ �� üÌ�� ×þ �b ó¢�ãõ ßþ�

ë�ê À�÷�õ �f��ä ý��±¨�½õ �� ,A0 6= 0 Âð� Ã�÷ �¤�¬ ßþ� ¤¢ .À�ª�� �õ�ãó� ÓÜµ¿õ a22 ø a11 (¢

:(Àª�� ´õ�ãÞû a22 ø a11 ¥� ×�õ�Àî �� A0 �î ßþ� �� �µÆ�) Ý�¨¤üõ Âþ¥ �¤�±ä ø¢ ¥� üØþ ��

(x� h)2

a2
� (y � k)2

b2
= 1 (10)
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�þ

� (x� h)2

a2
+

(y � k)2

b2
= 1 (11)

ÛØª) ´¨� ùÀª Û�ØÈ� ��þÂì �¡�ª ø¢ ¥� üó�óÁû Âû .¢¤�¢ ô�÷ üó�óÁû ×þ ü�½�õ ø¢ ßþ� ¥� ×þ Âû

(9

´ª�÷ Âþ¥ �¤�¬ �� ö���üõ �¤ f(x; y) = 0 ù�Ú÷� ,A0 = 0 Âð� ´ó�� ßþ� ¤¢ ùÂ¡���

a2(x� h)2 � b2(y � k)2 = 0 (12)

ý�û�þø�¥ °þÂ® �� âÏ�Öµõ ´¨�¤ Í¡ ø¢ ýÂ±� Çþ�Þ÷ ßþ� .b2 = ja22j ø a2 = ja11j ö� ¤¢ �î

ø¢ Â� (11) ø (10) ý�ûüó�óÁû ý�û�¡�ª ¥� ×þ Âû �f�Þ® .À÷¤Áðüõ (h; k) �b ÎÖ÷ ¥� �î ´¨� �a
b

.À�±÷�¹õ (12) ´¨�¤ Í¡
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