
ýÂ�çµõ À�� ý�ûâ���

ßþÀ� .Ý��î ü¨¤Â� �¤ f : S �! R
m ý�ûâ��� Ý�û��¡üõ .´¨� Rn ¥� ý��ä�Þ¹õÂþ¥ S À��î ­Âê

:Àû¢üõ ´±Æ÷ f(x) = y = (y1; : : : ; ym) üþ�� m×þ ,x = (x1; : : : ; xn) üþ�� n Âû �� f °��Â�

y = f(x) (1)

´Æ÷�¢ fi : S �! Râ��� m ¥� ÛØÈµõ �¤ f ö���üõ ø ´¨� �µÆ��ø x = (x1; : : : ; xn) �� ¢�¡ yi Âû

: yi = fi(x1; : : : ; xn) �î
8>>>>><
>>>>>:

y1 = f1(x1; : : : ; xn)

...

ym = fm(x1; : : : ; xn)

(2)

.Ý�õ�÷üõ f �Ôó�bõ ×þ �¤ fi Âû ø f = (f1; : : : ; fm) Ý�Æþ�÷üõ

¥� �î Ýþ¤�¢ �¢�ä ,m = 1 ü�ãþ ,f : S �! R ø ,n = 1 ü�ãþ ,Àª�� R¥� ý��ä�Þ¹õÂþ¥ S Âð�

¤�¢�Þ÷ �� ö¢Âî ù�Ú÷ �� ö���üõ ��ìø� ý¤��Æ� .´¨� R2 ¥� f(x; f(x)) j x 2 Sg �b ä�Þ¹õÂþ¥ f ¤�¢�Þ÷

ü¨¤Â� �� ,S � Rn ,f : S �! R
m ý�ûâ��� ¢¤�õ ¤¢ .´ê�þ ¤¢ üð¢�¨ �� �¤ f ý¤�µê¤ ���¬�Ê¡ f

¥� ×þ Âû .Ýþ¥�¢Â�üõ â��� ¤�µê¤ ü¨À�û ÝÆ¹� ý�Â� \¥�Â� �ä�Þ¹õ" ø ,\Âþ�Ê�" ,\¤�¢�Þ÷" ©ø¤ �¨

.´¨� ¥�¨¤�î ,n ø m ü�ãþ ,�ûÀã� °�îÂ� ¥� ü¬�¡ ùb¢øÀ½õ ¤¢ �û©ø¤ ßþ�
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:¢�ªüõ ÓþÂã� Âþ¥ �¤�¬ �� f ¤�¢�Þ÷ ,S � Rn ,f : S �! R
m â��� ý�Â� .¤�¢�Þ÷ (1-16)

f(x; f(x)) j x 2 Sg (3)

,´¨� ü þ� � m×þ f(x) = (f1(x); : : : ; fm(x)) ø ü þ� � n×þ x = (x1; : : : ; xn) � î À � � î ��� �

�µØ÷ ßþ� .´¨� Rn+m �b ä�Þ¹õÂþ¥ ×þ ¤�¢�Þ÷ ü�ãþ ´¨� üþ�� (n+m) ×þ ¤�¢�Þ÷ �b ÎÖ÷ Âû ßþ�Â����

¥� ö���üÞ÷ Àª�� Âµð¤Ã� 3 ¥� n+m üµìø .¢¥�¨üõ ßªø¤ �¤ ��� ¢�ã�� ¤¢ ¤�¢�Þ÷ ¥� ù¢�Ôµ¨� ñ�Øª�

¤�¢�Þ÷ ¥� �õ ùb¢�Ôµ¨� .´Æ� ý¤�þ â�� � ¤�µê¤ ùbÀû�Èõ �� ×Þî ø ¤�¢�Þ÷ ÝÆ¹� ý�Â� ùÂ¬�� ýøÂ�÷

Ã� ÷ m = 2 ,n = 1 ´ó�� ¤¢ .´¨� ,m = 1 ,n = 2 ø m = n = 1 ý�û´ó�� �� ¢øÀ½õ �f �Þãõ

ü¨¤Â�) �õ ýÀã� ©ø¤ �î Àþ¢ Ý�û��¡ ùÀ�þ� ¤¢ ,¢�ªüõ �½Ô¬ ¤¢ ýÂµõ�¤�� ý�ûÝ¡ �� ¯��Âõ �î

.Ý��îüõ �ÂÎõ ,m = 1 ,n = 2´ó�� ý�Â� ñ�·õ ý¢�Àã� Âþ¥ ¤¢ .´¨� Â�Â��bõ �f �Þãõ (\Âþ�Ê�"

,A ö� ¤¢ �î ÝþÂ�ðüõ ÂÑ÷ ¤¢ f(x; y; z) = Ax+ By + C �¤�¬ �� �¤ f : R2 �! Râ��� .1 ñ�·õ

¥� ´¨� �¤�±ä â��� ¤�¢�Þ÷ ,Ý�û¢ Çþ�Þ÷ z �� �¤ f(x; y) ¤�ÀÖõ Âð� .À÷�ùÀª ù¢�¢ üÖ�Ö� ¢�Àä� C ø B

:�bä�Þ¹õ

f(x; y; z) j z = Ax+ By + Cg

Ax + By � z + C = 0 �b Î��¤ ¤¢ �î À�µÆû üÏ�Ö÷ �fÖ�ì¢ ¤�¢�Þ÷ ýø¤ (x; y; z)¯�Ö÷ °��Â� ßþÀ�

¢�Þä xy �½Ô¬ Â�) ´Æ�÷ ý¥��õ z ¤�½õ �� �î ´¨� R3 ¤¢ �½Ô¬ ×þ �ä�Þ¹õ ßþ� .À��îüõ ëÀ¬

.(´Æ�÷

Ý � Æ þ� ÷ü õ .Ý � � îü õ Ó þÂ ã � f(x; y) = x2 + y2 �¤�¬ � � �¤ f : R2 �! R â �� � .2 ñ� · õ

°��Â� ßþ� �� ,(x; y; z) ,¤�¢�Þ÷ ¯�Ö÷ ü�ãþ ,z = r2 Ýþ¤�¢ ü±Îì ��Êµ¿õ �� ´±Æ÷ .z = f(x; y)

�î (x; y; z) �b ÎÖ÷ ,Ý��î ¤�Ê� ö� Â� ¢�Þä �¤ z ¤�½õ ø üÖê� �½Ô¬ �¤ xy Âð� �î À�þ�üõ ´¨¢��
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°��Â� ßþÀ� .´¨� 0 ¥� (x; y) �b Ü¬�ê ¤øÁ¹õ Â��Â� xy �½Ô¬ ¥� Çä�Ô�¤� ,¢¤�¢ ¤�Âì (x; y) Â¨���

.(1 ÛØª) Àþ�üõ ´¨¢�� z ¤�½õ ñ�� üÞú¨ ×þ ö¢�¢ ö�¤ø¢ ¥� f ¤�¢�Þ÷

ßþÀ� .´¨� ùÀª ÓþÂã� f(x; y) = x2 ¤�µ¨¢ �� �î ÝþÂ�ðüõ ÂÑ÷ ¤¢ �¤ f : R2 �! Râ��� .3 ñ�·õ

�b Ôó�b õ �� ÍÖê z ¤�ÀÖõ .À�µÆû (x; y; z) = (x; y; x2) ÛØª �� ý�ûüþ���¨ ¤�¢�Þ÷ ýø¤ ¯�Ö÷ °��Â�

z = x2 üÞú¨ Âð� �î À��î ���� .Àû¢üõ ö�È÷ �¤ â��� ßþ� ¤�¢�Þ÷ 2 ÛØª .´¨� �µÆ��ø ,xü�ãþ ,ñø�

.¢�ªüõ Û¬�� f ¤�¢�Þ÷ Ý�û¢ ´îÂ� y ¤�½õ ¢�Àµõ� ¤¢ xz �½Ô¬ ¤¢ �¤

¥� ¤�¢�Þ÷ .ÝþÂ�ðüõ ÂÑ÷ ¤¢ f(x; y) = x2 � y2 ÛØª �� ýÂÚþ¢ ýø¢ ��¤¢ â��� ¤�� ßþ� .4 ñ�·õ

,y = 0 ý�Â� ü�ãþ ,x ¤�½õ Â¨ ��� .´¨� ùÀª Û�ØÈ� (x; y; z) = (x; y; x2 � y2) �¤�¬ �� ¯�Ö÷

üÞú¨ ,x = 0 üµìø ü�ãþ ,y ¤�½õ Â¨ ��� .¢�ªüõ Âû�Ò ¤�¢�Þ÷ ¥� üÈ¿� ö���ä �� z = x2 üÞú¨

ö���üõ ¤�¢�Þ÷ Ûõ�î ÝÆ¹� ý�Â� .¢¢Âðüõ ùÀû�Èõ ¤�¢�Þ÷ ¥� ýÂÚþ¢ Ç¿� ö���ä �� z = �y2 �b ÷ø¤�ø

¤�Âì y = c´¨�¤ Í¡ Â¨��� �î ¤�¢�Þ÷ ¥� üÈ¿� ,´��� y = c Âû ý�¥��� .¢Âî ÛÞä Âþ¥ �¤�¬ �� �f ·õ

Â¨��� .Ýþ¤ø�üõ ´¨¢�� �¤ ¤�¢�Þ÷ Ûõ�î ÛØª �ûÇ¿� ßþ� öÀ�� Ýû ¤��î �� ø ÝþÂ�ðüõ ÂÑ÷ ¤¢ ¢¤�¢

üóø ¢¤�¢ ¤�Âì (0; c;�c2) �ÎÖ÷ ¤¢ üÞú¨ ßþ� §�b¤ .´¨� üÞú¨ ×þ �î z = x2 � c2 Ýþ¤�¢ Í¡ ßþ�

´îÂ� ß�þ�� �� ø¤ ÛØª ÐÔ� �� ,üÞú¨ ßþ� ¢�ªüõ ï¤Ã� jcj üµìø .´¨� ´��� ö� ü¨À�û ÛØª

.¢¤�¢ ��Ø� z = �y2 üÞú¨ ýø¤ ù¤��Þû ö� §�b¤ �î ý¤�Ï �� À�îüõ

�� ´±Æ÷ ýÂµÈ� � á�� � ¥� ýÂ�ç µõ ø¢ ôø¢ ��¤¢ ý�ûâ�� � ¤�¢�Þ ÷ Àû¢üõ ö�È÷ ��� ý�ûñ�·õ

.´¨� ¤�¢¤�¡Â� ýÂ�çµõ ×þ ý�ûâ���

�÷�ð�À� �fÀã� �î ,m > 1 ,n = 1 ´ó�� ¤¢ ß��»Þû ø) m= n ´ó�� ¤¢ .Âþ�Ê� (2-16)

í¤¢ ý�Â � Â ��b õ üªø¤ ��ìø� ý¤� �Æ� Àþ�üõ Â þ¥ ¤¢ �î Â þ�Ê� ü¨¤Â � ©ø¤ (Àª Àû��¡ ü¨¤Â �

¤¢ .´¨� üú��� Û��ì ýÂÊ� ×Þî ©ø¤ ßþ� ,n= 2;3 üµìø «�Ê¡ �� .´¨� â��� ×þ ¢ÂØÜÞä
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�� ýÂÚþ¢ ø (��õ�¢) �bÀ±õ ý�Ìê ö���ä �� üØþ .ÝþÂ�ðüõ ÂÑ÷ ¤¢ Rn = Rm ¥� �¿Æ÷ ø¢ ©ø¤ ßþ�

¤¢ f Â�� ´½� �¤ �bÀ±õ ý�Ìê ¤¢ ö�ð�÷�ð ý�û�ä�Þ¹õ Âþ�Ê� ù�Ú÷� ø ,(¢Â�) ÀÊÖõ ý�Ìê ö���ä

ßþ� ø) À÷�ª �µêÂð ÂÑ÷ ¤¢ �bÀ±õ ý�Ìê ¤¢ ü±¨��õ ý�û�ä�Þ¹õ �»÷��� .Ý��îüõ �ãó�Îõ ÀÊÖõ ý�Ìê

.¢�ªüõ Û¬�� â��� ¢ÂØÜÞä ¥� ýÀ�õ¢�¨ ´ª�¢Â� ,(¢�� Àû��¡ �ø�Ôµõ ö�ð�÷�ð ý�ûâ��� ý�Â�

:Ý��îüõ ÓþÂã� Âþ¥ �¤�¬ �� �¤ f : R2 �! R
2 â��� .5 ñ�·õ

f(x; y) = (x cos y; x sin y)

:Å� ,Ý�û¢üõ Çþ�Þ÷ (u; v) �� �¤ (¢Â�) ÀÊÖõ ý�Ìê ¯�Ö÷

u = x cos y ; v = x sin y

�b ä�Þ¹õ ý�Â� ü�ãþ ,´¨� xy �½Ô¬ ¤¢ ü±¨��õ ý�û�ä�Þ¹õ ÛØª Â� f ü¨À�û Â�� ü¨¤Â� �õ éÀû

.Ý��î �À�� ´¨� uv �b ½Ô¬ ¥� ý��ä�Þ¹õÂþ¥ �î f(S) ÛØª Ý�û��¡üõ ,xy �½Ô¬ ¤¢ S ùbÀª ù¢�¢

ßû£ �� ü¬�¡ ÛØª üµìø .´¨� ��õ�¢ ¤¢ �ä�Þ¹õ °¨��õ ��¿µ÷� �f �Þãõ ©ø¤ ßþ� ´�Öê�õ À�Üî

´¨� ý��ÎÖ÷ ×� ×þ R2 �b ä�Þ¹õÂþ¥ ßþÂ�ù¢�¨ .Ý��îüõ áøÂª ñ�Øª� ßþÂ�ù¢�¨ ¥� �f �Þãõ ,À¨Â÷

Û¬�� ü¨¤Â � ßþ� ¥� ü÷�À�� á�Ï� ,¢�ªüõ �µª�Ú÷ �ÎÖ÷ ×� ×þ �� �ÎÖ÷ ×� Âû ö�� üóø

¯�Î¡ Â� �¤ f Â�� ñ�·õ ßþ� ¤¢ .À�ª�� ´¨�¤ ¯�Î¡ �û�ä�Þ¹õ ßþÂ�ù¢�¨ Àþ�ª ,�ÎÖ÷ ¥� Å� .¢�ªüÞ÷

´¨�¤ Í¡ Âþ�Ê� ùÀª ù¢�¢ aý�Â� .Ý��îüõ ü¨¤Â� y = b üÖê� ´¨�¤ ¯�Î¡ ø x= a Ý��ì ´¨�¤

:�î (u; v) °�Âõ ý�û�ø¥ ¥� ´¨� �¤�±ä x = a

u = a cos y ; v = a sin y ; y 2 R

ø cos y �î �¹÷� ¥� .Àþ�Þ��üõ �¤ jaj á�ãª ùbÂþ�¢ (u; v) �b ÎÖ÷ ,¢Â�Ú� ¤�ÀÖõ R¤¢ y ø Àª�� ´��� a Âð�

�¤ jaj á�ãª ùbÂþ�¢ ¤�� ´þ�ú÷ü� ,f Â�� ´½� ,x = a ´¨�¤ Í¡ ,À÷¤�¢ 2� �ø��� ùb¤ø¢ ×þ Âû siny
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¤¢ .À÷�ªüõ �µª�Ú÷ jaj á�ãª ùbÂþ�¢ ßþ� Â� ø¢ Âû x= �a ø x = a Í¡ ø¢ ,�aý�Â� �f�Þ® .Àþ�Þ��üõ

.(5 ÛØª) ¢�ªüõ ù¢�µ¨Âê uv �½Ô¬ ¤¢ ��Êµ¿õ �bÀ±õ �� (y ¤�½õ) x= 0 Í¡ ô�Þ� ,a= 0 ´ó��

�¤�¬ �� (u; v) �ÎÖ÷ (x; b) �b ÎÖ÷ Âþ�Ê� .Ýþ¥�¢Â�üõ y = b üÖê� ¯�Î¡ ýø¤ f Â�� ü¨¤Â� �� ñ��

:´¨� Âþ¥

u = x cos b ; v = x sin b ; y 2 R

Â��ç� �� ø ¢¤�¢ ¤�Âì uv �b½Ô¬ ¤¢ (sin b)u� (cos b)v = 0´¨�¤ Í¡ ýø¤ (u; v) �bÎÖ÷ ,´��� b ý�Â�

°þÂ® �� uv �b ½Ô¬ �bÀ±õ ¥� �¤Áð ´¨�¤ Í¡ ×þ ßþ� .À�þ�üõ ´¨¢�� Í¡ ßþ� ýø¤ ¯�Ö÷ ��Üî x

.(6 ÛØª) (¢�ªüõ Û¬�� v ¤�½õ ,Àª�� k� + �

2
ÛØª �� b üµìø) ´¨� tan b �þø�¥

.Ý� �îüõ �À� � f Â �� ´½� ¤¢ �¤ b1 � y � b2 ,a1 � x � a2 �¤�¬ �� Û�ÎµÆõ Â þ�Ê� ñ��

ÂÚþ¢ üþ�¨ ¥� .¢Â�ð ¤�Âì uv �½Ô¬ �bÀ±õ ñ�� ja2j ø ja1jý�ûá�ãª ùbÂþ�¢ ø¢ ß�� �b ÖÜ� ¤¢ Àþ�� Âþ�Ê�

�fä�÷ Å� ,Àª�� tanb2 ø tanb1 ý�û�þø�¥ °þÂ® �� �bÀ±õ ¥� �¤Áð ´¨�¤ Í¡ ø¢ �� ¤�Ê½õ Àþ�� Âþ�Ê�

.Àõ� Àû��¡ ´¨¢�� 7 ÛØª À�÷�õ ýÂþ�Ê�

Í¡ù¤� � ø x = �1 ´¨�¤ Í¡ ø¢ ¥� ÛØÈ µ õ À � ÷� õ H ÛØª Â þ�Ê � ,Â Ú þ¢ � ÷� Þ ÷ ö�� � ä � �

ÂÎ ì ô� ÞÌ ÷� � � uv �½Ô¬ ¤¢ 0 ñ�� À��ø á� ã ª ùbÂ þ�¢ ¥� ´¨� �¤� ± ä ,y = 0 ,�1 � x � 1

�î �Âþ¥ ,v = 0 ,�1 � u � 1

.À÷�ªüõ �µª�Ú÷ ùÂþ�¢ ×þ �� x = �1´¨�¤ Í¡ ø¢ Âû

.Ýþ¢¤�¡Â� ¥�Â� ý�û�ä�Þ¹õ �� ý�µÆõ ø üÎ¡ ý�ûâ��� ü¨¤Â� ¤¢ .¥�Â� �b ä�Þ¹õ (3-16)

:¥� ´¨� �¤�±ä c �� ��Æ�õ ¥�Â� �bä�Þ¹õ ,c 2 Rm Âû ý�¥��� ,f : S �! R
m ý�Â� üÜî ¤�Ï ��

f�1(c) = fx 2 S j f(x) = cg (4)

ý¥��õ ø Àã±Þû �Þû üú��÷ ¥�Â� ý�û�ä�Þ¹õ �î ÝþÀþ¢ .Àª�� ý�µÆõ �þ üÎ¡ â��� ×þ f üµìø
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�µêÂÞúþø¤ �î Àþ¢ Ý�û��¡ üóø Àª�� �õÂÔÞØ� À÷���üõ ýÂê�ø á��� ,üÎ¡Â�è ý�ûâ��� ¢¤�õ ¤¢ .À�µÆû

ü÷�ð�÷�ð ý�ûâ��� ùÀ�þ� �bÆÜ� ¤¢ .´¨� â��� ×þ ¤�µê¤ í¤¢ ý�ÈÚû�¤ ¥�Â� ý�û�ä�Þ¹õ ô�Ñ÷ ü¨¤Â�

Û��Æõ ý¤��Æ� ¤¢ ¥�Â� ý�û�ä�Þ¹õ ü¨¤Â� �î ´¨� Âî£ �� ô¥� .¢Âî Ý�û��¡ �ãó�Îõ ù�ðÀþ¢ ßþ� ¥� �¤

�� (¥ø¤ ß�ãõ ´ä�¨ ×þ ¤¢) �õÀÞû ¯�Ö÷ üû�ð ü¨��ª��û ý�û�ÈÖ÷ ¤¢ �f ·õ .´¨� ñ�Þãõ Ã�÷ üÜÞä

ý�û�ÈÖ÷ ¤¢ ,À÷�ªüõ ù¢�¢ Çþ�Þ÷ ´¨� «�¡ ý�õ¢ ×þ ùÀ��îÉ¿Èõ ×þ Âû �î üþ�ûü�½�õ Ý¨¤

Çª�� �bÈÖ÷ ¤¢ ø ,À÷�ªüõ ù¢�¢ ö�È÷ ü�½�õ ×þ ýø¤ �þ ¤¢ ¼Î¨ ¥� á�Ô�¤� Ýû ¯�Ö÷ üã�±Ï ý��ê�Âç�

�� ü�½�õ ×þ �� ´¨� Â��Â� �ú÷� ¤¢ ù¤��û�õ ñ��Ú�¨ ´ê�þ¤¢ �¤Àì �î üÏ�Ö÷ ,ß�õ¥ ¼Î¨ ¥� �ûù¤��û�õ

.ÝþÂ�üõ ö�þ�� �� üÜî �b µØ÷ ×þ Âî£ �� �¤ �ÆÜ� ßþ� .À÷�ªüõ Û¬ø Ýû

:ø c = (c1; : : : ; cm) Ýþ¤�¢ ùÀª ù¢�¢ c 2 Rmý�Â� ,f = (f1; : : : ; fm) ,f : S �! R
m â��� ý�Â�

f�1(c) = fx 2 S j f(x) = cg

= fx 2 S j f1(x) = c1; : : : ; fm(x) = cmg

= fx 2 S j f1(x) = c1g \ � � � \ fx 2 S j fm(x) = cmg

:Å�

f�1(c) = f�1
1

(c1)\ � � � \ f�1m (cm) (5)

��Æ�õ °��Â� �� ,f1; : : : ; fm ý�ûâ��� ¥�Â� ý�û�ä�Þ¹õ í�Âµª� Â��Â� c �� ��Æ�õ ¥�Â� �bä�Þ¹õ ü�ãþ

.Àª��üõ c1; : : : ; cm ��
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