IR3ďćýďŘćÂŞŠÂőøÝź§,ť§ŚÆõ

üäĄœĆŞŚúœŊÝČÞãŮøÝź§,ť§ŚÆõěŘýÂŹŘÝþŘùćÂîüĺďÂŞ Rn ďćöĄĂîŚŮĆîüĺÀĂûÝČûŚÔõSSČŞďć üîÂţÈõĆŻøťĺŘôěĎďŚîSSþŘĆŞôŘÀìŘýŘÂŞ.ťĺŘùćĄśœ “ýÀãŞŃŃn ýŘĄţ¡õ” ÇźĂĺýŘÂŞôĄúÔõ ôĄúÔõťÆ£œŚźĂþŘďć.ÀłŚŞĆţłŘćÀãŞÂûĆŞÝČÞãŮťČÜŞŚìĆîÝČŞŚČŞÝź§øť§ŚÆõ,ñĄÏöŚČõ.ÝČĂîüõýďøŊćŚþŘď_R3ďćýďŘćÂŞŠÂő Řď,u × v ∈ R3,ýďŘćÂŞŠÂőÛňŚ§,v = (v1, v2, v3) ø u = (u1, u2, u3) ,u, v ∈ R3ýŘÂŞ:ÝČĂîüõÓþÂãŮÂþěŰďĄňĆŞ u × v = (u2v3 − u3v2, u3v1 − u1v3, u1v2 − u2v1) (1) üŻďŚąŠÂőüþŘÀţŞŘýŚûüðÄþø(1-15)ÝþďŘć_{u, v ∈ R}3ÂûýŘÂŞ(öďŚÖŮÀő)(1-1-15)

u × v = −v × u (2)ÉąĎŚŞ

u × u = 0 (3)1

ďŘÂì(2)ďćÂðŘ.ćĄłüõŠÂő (−1) ďćĆÔóĄbõÂû,ćĄłËþĄãŮ u, v ÇÖœÂðŘ(1)ñĄõÂêďć.ŰŚśŹŘ □ .u × u = 0ŚfõøÃóÅŢ,v × u = −(u × u) ĆîćĄłüõĆźČţœ,u = v ÝČûć:ÝþďŘć_{u, v, w ∈ R}3ÂûýŘÂŞ(üÈ£ŢSSČœŘĄì)(2-1-15)

(u + v) × w = (u × w) + (v × w) , u × (v + w) = (u × v) + (u × w) (4)

ďŘÁðŘøùÀĂœŘĄąĆŞĆśĺŚ¡õ.ÀœĄłüõÛňŚ§(1)ěŘťĺŘďÂĺĆbśĺŚ¡õŚŞöĄœŚìøćSSþŘ.ŰŚśŹŘ □ .ćĄłüõ:ÝþďŘć_{r ∈ R} ø_{u, v ∈ R}3ýŘÂŞ(3-1-15) (ru) × v = r(u × v) , u × (rv) = r(u × v) (5) □ .ćĄłüõŠÂő r ďćťĺŘďéÂÏĆÔóĄbõÂû,ćĄłŠÂő r ďć v Śþ u ěŘüØþ(1)ďćÂðŘ.ŰŚśŹŘ:ÝþďŘć_{u, v ∈ R}3ÂûýŘÂŞ(4-1-15)

v · (u × v) = 0 , u · (u × v) = 0 (6):ťĺŘťĺŘďÂĺĆbśĺŚ¡õŒþÃČœSSþŘ.ŰŚśŹŘ

u · (u × v) = (u1, u2, u3) · (u2v3 − u3v2, u3v1 − u1v3, u1v2 − u2v1) = u1(u2v3 − u3v2) + u2(u3v1 − u1v3) + u3(u1v2 − u2v1) = 0 2

□ .ćĄłüõťŞŚŹÂÚþććŚ¡ŮŘřČŮÂŮSSČÞûĆŞø

:ÝþďŘć u, v ∈ R3ÂûýŘÂŞ(üÜąŘćŠÂőŚŞĆÎŞŘď)(5-1-15) |u × v|2 + |u · v|2 = |u|2|v|2 (7) ćÀäÕÜÎõďÀì |u · v| ěŘćĄÊÖõøťĺŘ u × v üþŚŮĆĺñĄÏ |u × v| ěŘćĄÊÖõĆîÀČĂîĆŻĄŮ.ŰŚśŹŘ:ćĄłüõùćŘćÍÆŞÂþěŰďĄňĆŞ(6)ćŚ¡ŮŘ._{u · v}

(u2v3 − u3v2)2 + (u3v1 − u1v3)2 + (u1v2 − u2v1)2 + (u1v1 + u2v2 + u3v3)2

= (u21 + u2 + u23)(v21 + v2 + v23) (8)

□ .ćÂîÕČÖ¡ŮĆśĺŚ¡õŚŞöŘĄŮüõŘďýÂśŻćŚ¡ŮŘSSþŘť¡ň ĆźČţœ(2)ø(5)ěŘùŚÚœŊ,r üÖČÖ§ćÀäýŘÂŞ,v = ru Ěfůõ,ÀłŚŞüÎąĆţÆŞŘø {u, v} ÂðŘ ,ÀłŚŞüÎąĆbţÆŞŘø {u, v} ÂðŘĆîŘÂþěćĄłüõĆźČţœÃČœ(7)ěŘřóŚÎõSSþŘĆţśóŘ.u × v = 0ćĄłüõ SSþŘďć.v ≠ 0ø u ≠ 0ÉąĎŚŞ,ÀłŚŞüÎąÛÖţÆõ {u, v} ÀČĂîŋÂêñŚ§.|u · v| = |u||v| ùŚÚœŊ ýÂČðùěŘÀœŘĆbþøŘěŘď α .(ďŘćÂŞSSþŘťśůõŠďŚÌõ)ÀĂĂîüõÓþÂãŮÍąÝČœŒþŒþÂû u, v ŰďĄň (7)ěŘ,u · v = |u||v| cos α ĆîŚźœŊěŘ.ÝþÂČðüõ v ÍąÝČœĆŞ u ÍąÝČœěŘüŮŚůÜůõťúŻďćùÀł:ĆîćĄłüõĆźČţœ_{|u × v| = |u||v|| sinα|} (9)

ďĄÏĆŞ.ćĄłüõćŚźþŘ u, v ÍĺĄŮĆîťĺŘüäĚőĎŘýěŘĄţõť§ŚÆõâìŘøďćťĺŘďéÂÏŰďŚśä :ťĺŘÂþěĆbäĄÞźõ u, v ÍĺĄŮùÀłćŚźþŘáĚőĎŘýěŘĄţõěŘćĄÊÖõ,ÂţÖČìć P (u, v) = {t1u1 + t2v | 0 ≤ t1 ≤ 1, 0 ≤ t2 ≤ 1}3

1ÛØł âìŘĄóŘüê |u||v|| sin α| ÅŢ,ťĺŘ |v|| sin α| ñĄÏýŘďŘć,u “ùÀäŚì” ÂŞćďŘøáŚÔŮďŘĆîÀČĂîĆŻĄŮ.ťĺŘ_{P (u, v)} ť§ŚÆõ

u × v ,ÀłŚŞüÎąĆbţÆŞŘø {u, v} ÂðŘ:ÝþŘùÀČĺď u × v ćďĄõďćÿþŚţœSSþŘĆŞöĄĂîŚŮřČŮÂŮSSþÀŞ

öŊñĄÏø((6)ÂŞŚĂŞ)ťĺŘćĄÞä u, v Ć¡ÔňÂŞ u × v ùŚÚœŊ,üÎąÛÖţÆõ {u, v} ÂðŘøťĺŘ0ÂŞŘÂŞ ťÆœŘćôøćÝØ§ńŚąťóŚ§öŘĄŮüõŘďüÎąüÚţÆŞŘøťóŚ§âìŘøďć.ÀłŚŞüõ |u||v|| sin α| ÂŞŘÂŞ ćĄÞä u, v ÛõŚłĆb¡ÔňÂûÂŞŠÂőÛňŚ§SSþŘ,u × v = 0öĄİø sin α = 0ŰďĄňöŊďćĆîŘÂþě ñĄÏŚŞüþŚŮĆĺøćŚfÖČìć,üÎąñĚÖţĺŘťóŚ§ďćñŚ§.(üÜąŘćŠÂőöÀłÂÔňôĄúÔõĆŞ)ťĺŘ

u × v ÂŞŘÂŞŒþôŘÀîĆîSSþŘöćÂîÉ£ÈõýŘÂŞ.ÀœćĄÞä u, v Ćb¡ÔňÂŞĆîÀœďŘććĄŻø |u||v|| sin α|.ÝþÂČðüõŒÞîöŚĂČõÂŮćôĄúÔõěŘťĺŘ

ÂðŘ.ÝþÂČðüõÂÑœďćŘď3 × 3ýŚûöŚĂČõÂŮćöŊěŘÅŢø2 × 2ýŚûöŚĂČõÂŮćťÆ£œ ôøćøñøŘýŚûöĄţĺďćřČŮÂŮĆŞŘď u, v ýŚûĆÔóĄbõ,ÀĂłŚŞ R2ÂÊĂäøć v = (v1, v2) ø u = (u1, u2)ÝČûćüõďŘÂìÂþěŰďĄňĆŞ2_× 2ÅþÂŮŚõŒþ_{M = [ u}1_v1_u2_v2_]

üĺďÂŞŘďŰďŚśäSSþŘüĺÀĂûüĂãõ.ťĺŘ u1v2 − u2v1ÂŞŘÂŞÓþÂãŮÂŞŚĂŞ M ÅþÂŮŚõöŚĂČõÂŮć ÛňŚ§ÂþěŰďĄňĆŞ v′ ďŘćÂŞÝČûćöŘďøćťäŚĺĆbŞÂÖäťúŻďć π2ùběŘÀœŘĆŞŘď (v1, v2) ÂðŘ.ÝČĂîüõ:ćĄłüõ_{v′ = (v}2_{, −v}1_) 4

2ÛØł öĄţĺďć^[ cos(− π2) − sin( π2)sin(− π2) cos(− π2)^] =^[ 01−10^] ÅþÂŮŚõöćÂîŠÂőŚŞöŘĄŮüõŘďřÜÎõSSþŘ):ÝþďŘćSSþŘÂŞŚĂŞ(.ćÂîùÀûŚÈõ_{|v⟩} u1v2 − u2v1 = u · v′_{= |u||v′| cos ∡(u, v′)= |u||v| cos(α − π}2_{)= |u||v| sin α} .ťĺŘĆţÆŞŘø sinα ťõĚäĆŞöŊťõĚäø P (u, v) ť§ŚÆõùběŘÀœŘťĺŘďťÞĺŰďŚśäÕÜÎõďÀì üÎąÛÖţÆõ {u, v} ĆżœŚĂİüóø.ćĄłüõÂÔň detM ø sin α = 0,ÀłŚŞüÎąĆbţÆŞŘø {u, v} ÂðŘ ,ÀłŚŞ π ø0SSČŞ(v ÍĺĄŮùÀłSSČČãŮÍąÝČœĆŞ u ÍĺĄŮùÀłSSČČãŮÍąÝČœěŘ) α ĆþøŘěÂðŘ,ÀłŚŞ ťĺŘüÔĂõ det M ø sin α < 0,ÀłŚŞ2π ø π SSČŞ α ĆbþøŘěÂðŘüóø.ťĺŘťśůõ det M ø sin α > 0

3ÛØł5 řŮÂõŽøěŒþø “ćÂÚţĺŘď” Řď(3)ÛØłďć(ÓóŘ)ÀĂœŚõĆ¡Ôňďć (u, v) ýďŘćÂŞřŮÂõŽøěŒþ ÂþěŰďĄňĆŞöŘĄŮüõŘďťČãőøøćSSþŘÃþŚÞŮ.ÀĂõŚœüõ “ćÂÚşİ” Řď(3)ÛØłďć(Š)ÀĂœŚõýďŘćÂŞ ôøćďŘćÂŞĆŞñøŘďŘćÂŞěŘüŮŚůÜůõťúŻďćĆ¡ÔňÝČœŒþěŘÂţØİĄîľćÂðŚŞĆżœŚĂİ.ćÂîöŚČŞÃČœ ťúŻďćĆ¡ÔňÝČœŒþěŘÂţØİĄîľćÂðŚŞĆżœŚĂİüóøćĄłüõùÀœŘĄąćÂÚţĺŘďřŮÂõŽøě,ÝČĺÂŞ .ćĄłüõŠĄÆ¡õćÂÚşİřŮÂõŽøě,ÝČĺÂŞôøćďŘćÂŞĆŞñøŘďŘćÂŞěŘťäŚĺĆŞÂÖä ÂðŘćÂîÓþÂãŮ(ćÂÚşİřČŮÂŮĆŞ)ćÂÚţĺŘďŘď (u, v) řŮÂõŽøěöŘĄŮüõ,ĎŚŞű¡ŞĆŞĆŻĄŮŚŞ :ťĺŘÂþěáĚÏŘøćùbÀĂĂîÉ£Èõ det M SSþŘÂŞŚĂŞ(det M < 0řČŮÂŮĆŞ) det M > 0 .ťĺŘ P (u, v) áĚőĎŘýěŘĄţõť§ŚÆõÂŞŘÂŞ M öŚĂČõÂŮćÕÜÎõďÀì(ÓóŘ ÂðŘ(det M < 0řČŮÂŮĆŞ) det M > 0,ÀłŚŞüÎąĆbţÆŞŘø {u, v} ÂðŘŚúĂŮøÂðŘ det M = 0(Š .ÀłŚŞ(ćÂÚşİřČŮÂŮĆŞ)ćÂÚţĺŘď (u, v) řŮÂõŽøěÂðŘŚúĂŮø ø v = (v1, v2, v3) ,u = (u1, u2, u3) ÀČĂîŋÂê.ćŘćÝČÞãŮ R3ĆŞöŘĄŮüõŘďŰŚÌ§ĚõSSþŘ ĆbäĄÞźõ w ø v ,u ÍĺĄŮùÀłćŚźþŘđĄÎÆóŘýěŘĄţõěŘćĄÊÖõ.ÀĂłŚŞ R3ÂňŚĂä w = (w1, w2, w3):ťĺŘÂþě P (u, v, w) = {t1u + t2v + t3w | 0 ≤ t_i ≤ 1, i = 1, 2, 3} (10) 4ÛØł6 ýěŘĄţõSSþŘÝź§øÀœÂČðüõďŘÂìĆ¡ÔňŒþďćďŘćÂŞĆĺ,ÀłŚŞüÎąĆbţÆŞŘø {u, v, w} üþŚŮĆĺÂðŘ Ěfůõ)ùÀäŚìŒþť§ŚÆõÀþŚŞÝź§öćďøŊťĺćĆŞýŘÂŞ,ŰďĄňSSþŘÂČèďć.ťĺŘÂÔňđĄÎÆóŘ ÂŞŘÂŞ P (u, v) ùbÀäŚìćďŘøáŚÔŮďŘ.ÝČĂîŠÂőùÀäŚìSSþŘÂŞćďŘøáŚÔŮďŘďćŘď(P (u, v) áĚőĎŘýěŘĄţõ SSČČãŮ u × v ÍĺĄŮĆ¡ÔňÂŞćĄÞäćŘÀţõŘ.ťĺŘ u, v Ćb¡ÔňÂŞćĄÞäćŘÀţõŘÂŞ w ÝŐŚìÂþĄÊŮñĄÏÅŢ,ćĄłüõ

áŚÔŮďŘñĄÏ = |w · (u × v)||u × v|2 |u × v|:ťĺŘ_{|u × v|} ÂŞŘÂŞùÀäŚìť§ŚÆõöĄİĆźČţœďćø P (u, v, w) Ýź§ = |w · (u × v)| = |w1(u2v3 − u3v2) + w2(u3v1 − u1v3) + w3(u1v2 − u2v1)|(11) 3 × 3ÅþÂŮŚõŒþýŚûöĄţĺďćřČŮÂŮĆŞŘď w ø v ,u ďŘćÂŞĆĺýŚûĆÔóĄbõ,ýÀãŞøćťóŚ§ÀĂœŚõñŚ§:ÝČûćüõďŘÂì_{M = u}1_v1_w1_u2_v2_w2_u3_v3_w3

:ÝČĂîüõĆśĺŚ¡õôĄĺöĄţĺĆŞťśÆœÍÆŞŚŞŘďÅþÂŮŚõSSþŘöŚĂČõÂŮć

det M = w1(u2v3 − u3v2) + w2(u3v1 − u1v3) + w3(u1v2 − u2v1) (12)

P (u, v, w) đĄÎÆóŘýěŘĄţõÝź§öŚÞû M öŚĂČõÂŮćÕÜÎõďÀìĆîÝČĂČŞüõ(1)ø(12)ĆbÆþŚÖõěŘ

ďćÝČõŚœüõ(ćÂÚşİřČŮÂŮĆŞ)ćÂÚţĺŘďŘď R3ďć (u, v, w) řŮÂõüþŚŮĆĺ,ťõĚäćďĄõďć.ťĺŘ üþŚŮĆĺÂðŘŚúĂŮøÂðŘ detM = 0ĆîÀČĂîĆŻĄŮ.(detM < 0řČŮÂŮĆŞ) det M > 0ĆîüŮďĄň ÂÚþćöĄţĺøćěŘüÎąüśČîÂŮ M ýŚûöĄţĺěŘüØþťČãőøSSþŘďć)ÀłŚŞüÎąĆbţÆŞŘø {u, v, w} :ťĺŘÂþěáĚÏŘøćùbÀĂĂîÉ£Èõ det M ŘfćÀźõřČŮÂŮSSþŘĆŞ.(ćĄłüõÂÔňöŚĂČõÂŮćøťĺŘ .ťĺŘ P (u, v, w) đĄÎÆóŘýěŘĄţõÝź§ÂŞŘÂŞ M öŚĂČõÂŮćÕÜÎõďÀì(ÓóŘ7

(det M < 0řČŮÂŮĆŞ) detM > 0,ÀłŚŞüÎąĆbţÆŞŘø {u, v, w} ÂðŘŚúĂŮøÂðŘ detM = 0(Š .ÀłŚŞ(ćÂÚşİřČŮÂŮĆŞ)ćÂÚţĺŘď (u, v, w) řŮÂõüþŚŮĆĺÂðŘŚúĂŮøÂðŘ ,ćÂîùćŚÔţĺŘÃČœÂÚþćýŚûöĄţĺěŘ,ôĄĺöĄţĺĆŞťśÆœÍÆŞýŚŻĆŞöŘĄŮüõĆîSSþŘĆŞĆŻĄŮŚŞŚfĂÞő :ÀœďŘÂìÂŞÂþěÍŞŘøď,ÀĂîüõŠÂő(-1)ďćŘďöŚĂČõÂŮćďŘÀÖõöĄţĺøćýŚŻËþĄãŮĆîSSþŘø u · (v × w) = v · (w × u) = w · (u × v) = −w · (v × u) = −v · (u × w) = −u · (w × v) (13) ùÀäŚìŒþŠÂőÛňŚ§ŰďĄňĆŞ P (u, v, w) đĄÎÆóŘýěŘĄţõÝź§ŚûŰďŚśäSSþŘěŘŒþÂûÕÜÎõďÀì.ťĺŘöŊÂŞćďŘøáŚÔŮďŘďć

øáĚőĎŘýěŘĄţõÝČÞãŮýŘÂŞÝîťĺć,“ýÀãŞŃŃn Ýź§” ÓþÂãŮýŘÂŞüûŘďŚźĂþŘďć n ,un = (u1n, . . ., unn) , . . . ,u1 = (u11, u21, . . ., un1) ÂðŘ.ÀĺďüõÂÑœĆŞđĄÎÆóŘýěŘĄţõ ÓþÂãŮÂþěŰďĄňĆŞŘď u1, . . ., un ÍĺĄŮùÀłćŚźþŘýÀãŞŃŃn đĄÎÆóŘýěŘĄţõ,ÀĂłŚŞ Rn ÂÊĂä:ÝČĂîüõ P (u1, . . ., u_n) = {t1u1 + · · · + t_nu_n | 0 ≤ t_i ≤ 1, i = 1, . . ., n} (14):ÝþďŘć

n × n ÅþÂŮŚõŒþďć u_n ŚŮ u1ýŚûĆÔóĄbõöćŘćďŘÂìŚŞ

M = u11 . . . u1n. ._{un}1_{. . . unn} Řď (u1, . . ., un) řŮÂõüþŚŮ n ÀþŚŞŚfŮÀäŚì,ÀłŚŞťĺćďć n × n ÅþÂŮŚõŒþöŚĂČõÂŮćôĄúÔõÂðŘ

det M = 0ø,(det M < 0řČŮÂŮĆŞ) det M > 0ÂðŘÝČõŚĂŞ(“ćÂÚşİ” řČŮÂŮĆŞ) “ćÂÚţĺŘď”

ýÀãŞŃŃn Ýź§” ÀþŚŞŘď | detM| SSČĂżÞû.ÀłŚŞ {u1, . . ., un} üÎąüÚţÆŞŘøñćŚãõÀþŚŞ ùÀĂþŊďćÝČûŚÔõSSþŘýÂČÚČŢø n × n ýŚûÅþÂŮŚõĆŞöŚĂČõÂŮćÝČÞãŮ.ćÂîÓþÂãŮ “P (u1, . . ., un).ÀłÀûŘĄąôŚźœŘ8

,ÀłŚŞüÎąÛÖţÆõ R3ďć {u, v} ÂðŘ.ÝþćÂðüõěŚŞćďøŊÇČŢŘďĎŚŞű¡ŞĆîýŘĆČóøŘñŘĄbĺĆŞ öĄĂîŘ.ťĺŘ |u||v|| sin α| ñĄÏĆŞ u, v Ć¡ÔňÂŞćĄÞäďŘćÂŞøćěŘŒČõŘÀî u × v ÝČœŘÀŞÝČţĺŘĄąüõ:ÝČĂîüõŚäćŘ

ćÂÚţĺŘď (u, v, u × v) řŮÂõüþŚŮĆĺ,ÀłŚŞ R3ďćüÎąÛÖţÆõĆbäĄÞźõŒþ {u, v} ÂðŘ(2-15).ťĺŘ:ťĺŘťśůõÂþěÅþÂŮŚõöŚĂČõÂŮćÝČûćöŚÈœÀþŚŞ.ŰŚśŹŘ M = u1 v1 u2v3 − u3v2u2 v2 u3v1 − u1v3_u3_v3_u1_v2_{− u}2_v1 :ćĄłüõÛňŚ§ÝČĂîĆśĺŚ¡õôĄĺöĄţĺĆŞťśÆœÍÆŞŚŞŘďöŚĂČõÂŮćÂðŘ

det M = (u2v3 − u3v2)2 + (u3v1 − u1v3)2 + (u1v2 − u2v1)2

□ .det M > 0øťÆČœÂÔňĎŚŞŰďŚśäĆĺěŘüØþÝîťĺć,ÀłŚŞüÎąÛÖţÆõ {u, v} ÂðŘ .ćĄłüõÉ£ÈõćÂêĆŞÂÊ¡ĂõďĄÏĆŞüĺÀĂûÂÑœěŘ u × v řČŮÂŮSSþÀŞ Ć¡ÔňĆĺýøďÝŐŚìďĄÏĆŞŘďöŊøÀþÂČÚŞÂÑœďć R3ďć A ť§ŚÆõŚŞüäĚőĎŘýěŘĄţõ.SSþÂÞŮ řČŮÂŮĆŞŘďùÀłÛňŚ§ýŚûáĚőĎŘýěŘĄţõť§ŚÆõ.ÀČĂîÂþĄÊŮ x2x3ø x1x3,x1x2üŮŚÊţ£õ:ÀČĂîťŞŚŹ.ÀČõŚĂŞ_A3ø_A2,_A1_A2_{= A}21_{+ A}2_{+ A}23 9